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Cross-modal learning is an important characteristic of a system that is sup-
posed to be capable of self-extension. The system should exploit different
modalities and extend its current knowledge based on the information ob-
tained from different sources. In this deliverable we address the cross-modal
learning from different perspectives. We present methods that facilitate
learning in one modality by being supervised by another modality. We also
present approaches for self-supervised cross-modal learning on a lower level,
on the level of extracted features. And finally, we also address the problem
of high-level cross-modal learning, which is tightly related to the problem of
cross-modal binding.
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Executive Summary

An important characteristic of a robot that operates in a real-life environ-
ment is the ability to expand its current knowledge - and has to do so contin-
uously, in a life-long manner. The system has to create and extend concepts
by observing the environment while interacting with this environment as well
as with other cognitive agents and humans. Interactive continuous learning,
which is the main research topic of Workpackage 5, is therefore an essential
characteristic of a self-extending cognitive system. In this deliverable we
focus on continuous learning of cross-modal concepts.

Different types of cross-modality are addressed in this deliverable. Firstly,
we address the cross-modal learning between language and vision; linguistic
descriptions provide information, which drives learning in the visual sub-
system. Next, we present cross-modal learning of object affordances and
action effects; here the information arising from the visual subsystem is
combined with the information from the manipulation subsystem. Also, dif-
ferent derived modalities, or cues, from the visual subsystem are taken into
account: colour, depth (which is converted in 3D point cloud), and motion.
And finally, we also address an approach that finds associations between
higher-level modal concepts from different modalities and could be used for
binding.

We have integrated many of the developed methods in a multi-modal
cognitive system based on CAS. Continuous cross-modal learning is an im-
portant aspect of the George system we have been developing, so several
approaches presented in this report will be demonstrated in the George
scenario. Moreover, all the methods presented here were also individually
extensively evaluated on different problem domains.

Some of the work presented in this deliverable is a continuation of the
work performed in Year 1 and mostly presented in the deliverable DR.5.1.
Continuous learning of basic visual concepts, while this deliverable also
presents work that has been initiated in Year 2. In both cases, the nov-
elty and the value added in Year 2 are clearly exposed in the sections below.
This deliverable is also highly highly related to the DR.5.3 Representations of
gaps in categorical knowledge, since detection and representations of knowl-
edge gaps is an integral part of interactive continuous cross-modal learning.
While the deliverable DR.5.3 focuses on mechanisms for detection of incom-
pleteness in knowledge, this deliverable focuses on mechanisms for learning.

The work performed and described here addresses the problem of learn-
ing basic visual and cross-modal concepts in an interaction between a robot
and a tutor and between the robot and objects in the scene. The work has
been mainly performed as envisioned in the workplan and forms a solid ba-
sis for further research and extensions in the direction of more general and
more active interactive learning of cross-modal concepts.
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Role of Continuous learning of cross modal concepts
in CogX

In the process of continuous interactive cross-modal learning, the system
tries to understand what it does know and what it does not, and act or
update the current knowledge accordingly. Therefore, the main research
topic fits very well with the main motto of the project: to self-understand
to be able to self-extend.

Contribution to the CogX scenarios and prototypes

In order to monitor and show progress on interactive continuous learning,
we have designed the George scenario (Interactive cross-modal learning sce-
nario) [24, 25]. This scenario has been designed as a use case for guiding and
testing system-wide research and for demonstrating methods developed in
WP 5 (and also some other workpackages) in a working system. Therefore,
many of the methods presented in this deliverable have been integrated into
the overall system, which is used in the George scenario.

An active learning loop in which a robot semi-autonomously selects ac-
tions that improve its prediction abilities was implemented for the Dexter
scenario. These sensorimotor models encode the causal relationships be-
tween motor actions and the consequent object behaviour.
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1 Tasks, objectives, results

1.1 Planned work

This deliverable mainly tackles the problems addressed in Task 5.2 of Work-
package 5:

Task 5.2: Continuous learning of cross-modal concepts. Extend
the system to consider features of other modalities and to build
cross-modal category systems. Analyse the trade-offs between un-
supervised and supervised learning.

Therefore, the main goal was to develop the theory and methods to be
integrated into a robot capable of interactive continuous learning of cross-
modal concepts.

Before we begin with the concrete plans we had set for this deliverable,
let us first discuss some terminological issues. The terms related to cross-
modal learning are not consistently used in the literature. First, let us
cite, how we defined the term cross-modal learning (and modality) in our
contribution about cross-modal learning in the Encyclopedia of the Sciences
of Learning (see also Annex 2.6 [26]):

Cross-modal learning refers to any kind of learning that involves
information obtained from more than one modality. In the litera-
ture the term modality typically refers to a sensory modality, also
known as stimulus modality. A stimulus modality provides infor-
mation obtained from a particular sensorial input, for example
visual, auditory, olfactory, or kinesthetic information. Examples
from artificial cognitive systems (”robots”) include also infor-
mation about detected range (by sonar or laser range-finders),
movement (by odometry sensors), or motor state (by proprio-
ceptive sensors). We adopt here the notion of modality that in-
cludes both the sensorial data, and further interpretations of that
data within the modality. For example, from a pair of (depth-
calibrated) images, a cloud of points in 3-dimensional space can
be computed. We obtain both types of data (the image data, and
the 3D points) from the same visual sensor. At the same time,
they differ in what information they provide. We consider infor-
mation sources derived from sensorial data as derived modalities
that by themselves can be involved again in cross-modal learning.

We have, therefore, adopted a wider meaning of the term modality, and
also of the term cross-modal learning. We discuss in [26] several types of
cross-modal learning. In weakly-coupled cross-modal learning the models
are built within individual modalities, and the other modalities only super-
vise learning, by, e.g., providing a label or reinforcement signal. In closely-
coupled cross-modal learning, learning processes are more intertwined. A

EU FP7 CogX 5



DR 5.2: Continuous learning of cross modal concepts D. Skocaj et. al.

model is learnt by combining information from different modalities into a
common level of representation, and then using this level as a starting point
to build a common cross-modal classifier or predictor. We can identify also
a third type of cross-modal learning that is performed on a higher level
of abstraction. Here, a model is acquired that connects modal conceptual
structures from different modalities by learning associations between them.

Coarsely according to these division we also performed our work within
Task 5.2, which is reported here. In the following, we first present several
mutually dependent research lines related to different types of cross-modal
learning as depicted in Fig. 1. Here, three modalities or main sources of
information are presented: vison (2D and 3D), audio (language), and ma-
nipulation (action, proprioceptive data). The data that is captured in each
of these modalities is then further processed and can be even transformed
in ‘derived modalities’ (depicted as two light grey matrices in the vision
modality in Fig. 1 representing, e.g., colour and 3D information). All differ-
ent modalities continually provide a huge amount of information, much of
which is possibly highly redundant. This information is then processed and
different kinds of low-level features or other types of structured (the most
relevant) data are extracted (depicted as small blue vectors in Fig. 1). Based
on these features, high-level modality-specific concepts are then formed (de-
picted as red circles in Fig. 1); i.e., in vision this would mean that an ade-
quate representation of a visual concept has been learned, while in language
a logical form containing linguistic concepts has been formed. Based on this
description we can identify several different types of cross-modal learning,
which in different ways involve information from several modalities:

Self-supervised

low-level Low-level uni-modal
cross-modal learning with high-level
learning cross-modal supervision
g
o9 I~
| /
! y

High-level
cross-modal learning

Figure 1: Different types of cross-modal learning.
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e Low-level uni-modal learning with high-level cross-modal su-
pervision. The primary goal was to learn associations between ex-
tracted low level features and modal concepts, in particular to learn
association between automatically extracted low-level visual features
and visual concepts, such as objects, object colour, and shape. The
learning was therefore performed within a single (visual) modality (al-
though considering several derived modalities like colour and 3D in-
formation), however this learning was driven by another modality or
source of information, namely language. The training samples are,
therefore, generated in interaction with the tutor.

e Self-supervised low-level cross-modal learning. The main goal
here was to learn associations between extracted low-level visual, mo-
tion, and action features and concepts of simple object affordances and
action effects. Here, the cross-modal learning takes place on a lower
level; the information from different modalities is combined on the fea-
ture level already. This learning process does not require any supervi-
sion from other modalities on a higher level. The training samples are
autonomously generated in interaction with an object by performing
actions.

e High-level cross-modal learning. This type of cross-modal learn-
ing is performed at a higher level of abstraction. The aim of the learner
is to learn associations between different high level modal representa-
tions (stemming from different modalities) of the same concepts and
in this way improve the system’s ability to relate different modal and
a-modal representations of perceived instances. This type of knowl-
edge is critical for the process of cross-modal binding. The training
samples are generated on the basis of the robot’s beliefs and successful
past bindings. An example: if the colour of an object is assigned to
the visual colour model 1 by the uni-modal learner and the tutor at-
tributes the colour of the same object to the linguistic concept of red,
a cross-modal association between visual colour model 1 and linguistic
concept of red is made.

For each type of cross-modal learning we now briefly describe the con-
crete goals we had set were to be performed under the Task 5.2. The actual
work performed is then described in the following section.

e Low-level uni-modal learning with high-level cross-modal su-
pervision.

Our algorithm for learning visual concepts (by being supervised by
language) is based on generative representations modelled by Kernel
Density Estimation. The aim was to further investigate the method-
ology for estimation of generative models from streams of data. We
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had planned to evaluate in detail the properties of the multivariate
online Kernel Density Estimation (DR.5.1, Annex 2.3), which we had
proposed in the previous year. Based on this analysis we planned to
extend the framework and improve it for the task of learning genera-
tive models, but this time explicitly for the task of classification. In
this way, we aimed at online generative discriminative models. Once
the theory for the online discriminative models would be laid out, we
planned to address the detection of uncertainties in the discriminative
models in relation with the question of online learning in the ”open
world”.

e Self-supervised low-level cross-modal learning.

When the robotic system is interacting with objects in its environ-
ment, it is continuously gathering feature information in several sen-
sory modalities. With regard to object affordance learning, one of
our goals was to design a learning mechanism that could harness the
statistical information in the data stream of a particular modality in
order to recognise emerging affordance categories on-the-fly, and to
use this information to train classifiers in other modalities. In particu-
lar, if one of the sensory modalities represents the effects of actions on
objects, then effect categories, e.g. rolling versus non-rolling objects,
could be discovered therein by clustering motion-specific features, e.g.
object velocity or the distance traveled by the object after an action.
Meanwhile, as co-occurring information is being gathered in a sepa-
rate modality that represents the properties of objects, e.g. 2D and
3D shape features, the category information from the effect modality
as well as the inter-modality co-occurrence information could be used
to efficiently train a classifier. Given a number of interactive episodes
with objects, the goal was to enable the system to predict from ob-
served object properties the affordance classes of novel objects based
on its own self-generated object affordance categories grounded in the
effect modality.

An additional goal is the acquisition of generative regression models
through semiautonomous learning. Following the work in the first
year, the specific objective was the incorporation of active learning ex-
periments in the context of affordance learning with recurrent neural
networks in a robot arm scenario. In the previous year, offline exper-
iments were performed and some statistics were collected to analyse
the generalisation abilities of LSTM machines for these tasks [19]. We
planned to use the Intelligent Adaptive Curiosity method [16] for ac-
tive selection of samples for learning. This algorithm was already used
in our previous experiments [18], but we planned to adapt it for the
problem of object trajectory prediction after a pushing action. This
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problem involves sequences of features in a time-series prediction set-
ting, where the neural network represents a model of the underlying
dynamical system.

e High-level cross-modal learning.

The aim was to first define the problem of High-level cross-modal learn-
ing and the problem of binding, then implement a prototype system
that would allow further investigation and experiments on synthetic
data. If possible, the cross-modal learner would be integrated into the
overall system as part of the binding subsystem. Once integrated, it
would be possible to perform experiments on real-world objects and
with real low level learners.

1.2 Actual work performed

In this section we briefly describe the main achievements related to the
topic of this deliverable. For detailed descriptions of the work performed
the reader is referred to the papers attached in the annex of this deliverable.

1.2.1 Low-level uni-modal learning with high-level cross-modal
supervision.

We have analysed the properties of the oKDE and successfully extended the
methodology to the class of online discriminative classifiers, which can also
operate in the ”open worlds”.

e We have revised the theory behind the oKDE and simplified its math-
ematical formulation. In addition, we extensively analysed the per-
formance of the oKDE. Specifically,(i) we have analysed the influence
of the parameters and the data order, (ii) we have analysed the per-
formance of non-stationary distribution estimation and (iii) we have
performed the analysis of the discriminative performance of the oKDE.

e We have extended the oKDE theory by considering the problem of on-
line learning as estimation of probability density function for building
classifiers. The new approach is called the online discriminative Ker-
nel Density Estimator (odKDE). The extensive analysis of the recently
proposed multivariate online Kernel Density Estimators showed that
it is possible to build probabilistic models from streaming data and
these models perform very well in classification tasks, although they
are not built in consideration for discrimination properties. While the
oKDE builds a separate class model for each class, the new odKDE
takes into account all classes while updating a particular class model.
In this way the adaptation of a single class model is weakly supervised
by other, uncertain, class models.
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e We have derived a distance function that measures distance between
the classifiers. This allows us to better compress the generative models
such that their discrimination properties do not significantly decrease.

e The odKDE was successfully implemented within the concept of a
probabilistic knowledge model, that allows detection of gaps in knowl-
edge and explicitly accounts for the possibility of yet undiscovered
classes (the open world question).

The analysis, along with the new methodology described in Annex 2.1 [9]
and Annex 2.2 [10], showed that since the odKDE builds models that are
complex just so much to retain their discrimination quality, these models
tend do be significantly less complex than those built using the oKDE. On
the one hand, less redundant (complex) models allow faster learning and
inference of the concepts that we are dealing with. On the other hand, these
models retain their generative properties, which is also central for knowledge
gap detection, which we address in DR.5.3 .

1.2.2 Self-supervised low-level cross-modal learning.

With regard to object affordance learning, the following main developments
have been made:

e We have developed a cross-modal competitive learning neural network
based on Kohonen’s self-organizing map (SOM) and learning vector
quantisation (LVQ) paradigms. Sensory modalities are represented
by layers of codebook vectors that are trained in either an unsuper-
vised manner (SOM-based) or a self-supervised manner (LVQ-based)
depending on the modality in question. The modality codebook vector
layers are connected to each other via a Hebbian mapping which mod-
els the co-occurrence of data between modalities and serves as a mem-
ory of how well nodes in one modality correspond to nodes in another
modality over time. The layer doing the unsupervised learning, typi-
cally representing the effect modality in our experiments, finds modes
in the data distribution that represent potential categories. Mean-
while, the layer undergoing self-supervised learning, typically repre-
senting the object property modality in our experiments, compares
the mode matching the sample in the effect layer to the corresponding
Hebbian mapping in order to determine if the sample is being classified
as expected. This training process proceeds without any class labels,
self-generated or otherwise. Class labels are generated via clustering
the effect layer nodes after training, or when required.

e Feature selection may be regarded as almost being a requirement if a
classifier is to be trained successfully using a small number of training
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samples; a typical scenario in robotic learning. Therefore, to augment
the cross-modal learner, we have developed a feature relevance deter-
mination method for LVQ-based algorithms that uses the structure of
the codebook vectors, as well as statistics gathered during training to
apply Fisher’s linear discriminant to individual feature dimensions in
an online manner. This allows the system to determine during training
that, for example, the object curvature feature is the most important
feature in determining whether the object will roll or not.

e The above methods have been evaluated on a real-world dataset of
a robotic arm performing pushing actions on eight household objects
on a table surface. Four of the objects rolled across the table when
pushed and the other four did not roll when pushed, thus forming two
natural affordance classes of rolling versus non-rolling objects. Our
self-supervised learning method performed favourably when trained
on this data, even under the tough condition of leave-one-object-out
cross-validation. It also produced performances close to those of fully-
supervised LVQ methods.

This work is summarised in Annex 2.3 [17]. It mainly focuses on self-
supervised learning of affordance classes. The main goal is to build a system
that is able to assign an object into one of several previously autonomously
learned affordance classes based only on its observation (2D and 3D) and by
knowing the action that is to be performed. A pushing action and several
household objects have been used in this experiment.

The second line of research on affordance learning focuses on a different
aspect of this problem. Here, the main emphasis is on learning the dy-
namics of actions that are being performed and the effects of these actions.
The main goal is to learn to predict what will happen with an object that
has been pushed in terms of regression (what the resulting trajectory of its
movement will be). We have continued our work on this problem that we
have initiated (and reported) last year. To begin with, we improved the
neural network treatment of features. This allowed the machines to achieve
convergence when solving the regression problems they are tackling. Based
on improved offline experiments, we used the same features in an active
learning setting. The Intelligent Adaptive Curiosity algorithm was imple-
mented and adapted for sequence prediction. In summary, the partition of
the sensorimotor space into regions was added. We implemented a variance
measure to split these regions, taking into account the temporal sensori-
motor space or manifold formed after a whole sequence of object poses is
obtained.

The results can be seen in the Annex 2.4 [20]. The experiments show that
the active learning procedure forms regions that are statistically properly
split. The selection of samples from a specific sensorimotor region is based

EU FP7 CogX 11



DR 5.2: Continuous learning of cross modal concepts D. Skocaj et. al.

on the learning progress measure, that allows the selection of actions that
are more likely to improve the learning performance.

1.2.3 High-level cross-modal learning.

The high-level cross-modal learning problem is closely related to the associa-
tion rule learning problem in data mining, which was first defined by Agrawal
et al., therefore, we based our learning problem definition on Agrawal’s def-
inition. First we introduced the notion of modality and restrict the associ-
ation rule to cross-modal associations. Then we defined percepts as subsets
of features from one modality and unions as collections of percepts from
different modalities. Percepts are uni-modal representations of perceived in-
stances, while unions are multi-modal, shared representations of the same.
We also defined the binding function as a function that maps a set of current
percepts (percept configuration) into a set of unions (union configuration)
and the measure of binding confidence, which expresses the confidence in
a union configuration based on the accumulated cross-modal knowledge.
Finally, we defined binding as finding the union configuration with the max-
imal confidence, given the current percept configuration, the set of possible
binding functions and the current cross-modal knowledge.

We implemented a prototype of the high-level cross-modal learner and
a prototype of the binding in Markov logic networks (MLNs). The MLN
combines first-order logic and probabilistic graphical models in a single rep-
resentation. This enables a smooth translation of the formal definitions of
binding and cross-modal learning into MLN on the one hand, while retain-
ing the ability of probabilistic knowledge representation and probabilistic
inference based on graphical models on the other hand. In addition, the rep-
resentation of cross-modal learning a set of weighted semi-grounded rules is
also more suitable for online learning (we limited the learning to the weight
learning, while we based the rule structure on a subset of possible association
rules from the definition). Experiments have shown that with the growing
number of samples the binding rate tends to grow and converge, though
with some oscillations. This work is reported in Annex 2.5 [29].

1.3 Relation to the state-of-the-art

In this section we discuss how our work is related to, and goes beyond the

current state-of-the-art.

1.3.1 Low-level uni-modal learning with high-level cross-modal
supervision.

The analysis of the oKDE in [9] and the methodology therein were our basis
for deriving online generative/discriminative models. The revised method-
ology and the extensive benchmark experiments have shown that in order to
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allow online adaptation, a model needs to hold sufficient information for it
to adapt to future data (sufficient complexity), while at the same time it has
to generalise the past observations well for good prediction (prediction ca-
pacity). This means that we require general methods that possibly allocate
new components as new observations arrive as well as revise the components
estimated in the previous time-steps. A model with a small number of com-
ponents will generalise past observations, but might also underestimate the
distribution by modeling it too smoothly (over-smoothing). Then as new
data-points arrive, the model may lack the information required to increase
its complexity. On the other hand, a drawback of keeping a very large num-
ber of components in the model is that the model might overfit the data
which results in poor generalisation (under-smoothing). By definition, the
oKDE adds new data to increase the generative properties and compresses
the model, by trying not to lose those. Therefore, the only place where the
oKDE might lose information (over-smooth) is the compression step. By
proposing a new cost function, that measures the loss of discrimination in
the compression, we derived an online discriminative Kernel Density Esti-
mator (odKDE) [11, 10], that combines generative properties required for
proper updates with the discriminative properties to simplify models with-
out compromising the resulting classification performance. While there are
many batch approaches to building classifiers, e.g., [15, 4, 5, 1], the odKDE
allows online adaptation from as little as single data-point at a time, and
since it is based on the oKDE, it produces models with generative properties,
which are important when considering discovering gaps in knowledge. The
approach has been compared to batch methods [15, 4, 5, 1] and an online
method [9]. Results (see Annex 2.2 [10]) demonstrate that the proposed
odKDE produces comparable classification performance to the state-of-the-
art, and produces models of significantly lower complexity while allowing
online adaptation.

1.3.2 Self-supervised low-level cross-modal learning.

With regard to object affordance learning, perhaps the most closely related
work in the literature to our work is by Fitzpatrick et al. [3, 13]. The
authors trained a humanoid robot to recognise “rolling” affordances of 4
household objects using a fixed set of actions to poke the objects in different
directions as well as simple visual descriptors for object recognition. There
are two main differences between their method and ours. Firstly, in [3,
13], the feature associated with the rolling direction affordance was pre-
determined, whereas in our system, the learning algorithm is provided with
a number of different output features and it must determine for itself the
affordance classes within that feature space. Secondly, their system used
object recognition to identify the affordances of individual objects, whereas
our system determines the affordance class of objects (grounded in output
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modality features) based, not on their individual identity, but on a broad set
of input features (e.g. shape). In [14], the authors used a humanoid robot
to push objects on a table and used a Bayesian network to form associations
between actions, objects and effects. Though quite similar to our approach,
their learning method may not be as amenable to full online learning, as
they have to gather a certain amount of data initially to form categories
within the various modalities before the network can be trained.

The selection of samples is a crucial problem in machine learning and
specially in robotics [12]. Robots should be able to identify situations that
are new or informative. Active Learning has been studied specially for clas-
sification tasks [23] but there is little work in that respect for generative
models. Moreover, the state spaces considering in a robotic scenario are
very high dimensional, considering also the temporal aspect of object be-
haviour prediction. This aspect even concerns scenarios where features are
obtained from a simulator, in which case we are reducing to a big extent the
dimensionality of the task, but the complexity of the state space of possible
behaviours remains a challenge.

1.3.3 High-level cross-modal learning.

Many of the past attempts of binding information within cognitive systems
were restricted to associating linguistic information to lower level perceptual
information. Roy et al. tried to ground the linguistic descriptions of objects
and actions in visual and sound perceptions and to generate descriptions
of previously unseen scenes based on the accumulated knowledge [21, 22].
This is essentially a symbol grounding problem as first defined by Harnad
[6]. Chella et al. proposed a three-layered cognitive architecture around the
visual system with the middle, conceptual layer bridging the gap between
linguistic and sub-symbolic (visual) layers [2]. Related problems were also
often addressed by Steels [27].

Jacobsson et al. approached the binding problem in a more general way
[8, 7] developing a cross-modal binding system that could associate between
multiple modalities and could be part of a wider cognitive architecture.
The cross-modal knowledge was represented as a set of binary functions
comparing binding attributes in pair-wise fashion. A cognitive architecture
using this system for linguistic reference resolution was presented in [28].
This system was capable of learning visual concepts in interaction with a
human tutor. Recently, we have developed a probabilistic binding system
that encodes the cross-modal knowledge into a Bayesian graphical model
[30].

The need for a more flexible, but still probabilistic representation of the
cross-modal knowledge motivated our work and led our research efforts in
the direction of Markov graphical models. Using Markov logic networks as a
template, the cognitive system can construct a specialised graphical model
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for each specific situation online. Since the cross-modal knowledge is learnt
online on the MLN (template) level, the situated graphical models offer more
flexibility than the static graphical models (e. g. Bayesian).
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2 Annexes

2.1 Kiristan and Leonardis “Multivariate Online Kernel Den-
sity Estimation with Gaussian Kernels”

Bibliography M. Kristan and A. Leonardis: “Multivariate Online Kernel
Density Estimation with Gaussian Kernels” Submitted for journal publica-
tion, 2010

Abstract We propose a novel approach for online estimation of proba-
bility density functions. Our approach is based on the kernel density esti-
mation (KDE) and produces models that enable online adaptation, which
at the same time maintain a low (or bounded) complexity that scales sub-
linearly with the observed samples. During online adaptation, we main-
tain a non-parametric model of the data itself and use this model to cal-
culate the corresponding KDE. The dominant parameter in the KDE is
the kernel bandwidth and we propose an automatic bandwidth selection
rule, which can be computed directly from the non-parametric model of the
data. Low complexity of the model is maintained through a novel com-
pression/revitalization scheme. We analyze the properties of the proposed
online KDE and compare it to the state-of-the-art approaches on examples
of estimating stationary and non-stationary distributions, and on examples
of classification. The results show that the online KDE outperforms the
state-of-the-art online Gaussian mixture model, and achieves a comparable
performance to the batch approaches, while producing models with a signif-
icantly lower complexity and allowing online updating by using only a single
observation at a time.

Relation to WP This paper extends the theory of the multivariate on-
line Kernel Density Estimation (0KDE) and simplifying the mathematical
formulation behind the approach. In addition, we extensively analyse the
performance of the oKDE. Specifically, we (i) analyse the influence the pa-
rameters and the data order, (ii) we analyse performance of non-stationary
distribution estimation and (iii) we perform the analysis of the discrimina-
tive performance of the oKDE. This analysis is important for proper use of
the oKDE within the WP5 and to determine limitations and advantages of
the approach.
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2.2 Kristan and Leonardis “Omnline Discriminative Kernel
Density Estimation”

Bibliography M. Kristan and A. Leonardis: “Online Discriminative Ker-
nel Density Estimation” Accepted at International Conference on Pattern
Recognition ICPR 2010, Istambul, Turkey, 23-26 August 2010.

Abstract We propose a new method for online estimation of probabilis-
tic discriminative models. The method is based on the recently proposed
online Kernel Density Estimation (0KDE) framework which produces Gaus-
sian mixture models and allows adaptation using only a single data point
at a time. The oKDE builds reconstructive models from the data, and we
extend it to take into account the interclass discrimination through a new
distance function between the classifiers. We arrive at an online discrimina-
tive Kernel Density Estimator (odKDE). We compare the odKDE to oKDE,
batch state-of-the-art KDEs and support vector machine (SVM) on a stan-
dard database. The odKDE achieves comparable classification performance
to that of best batch KDEs and SVM, while allowing online adaptation, and
produces models of lower complexity than the oKDE.

Relation to WP The paper casts the problem of online learning into esti-
mation of probability density function for building classifiers. The extensive
analysis of the recently proposed multivariate online Kernel Density Estima-
tors showed that it is possible to build probabilistic models from streaming
data and these models perform very well in classification tasks, although
they are not build with considering discrimination properties. We have
shown in this paper that the oKDE can be extend by explicitly account-
ing for its discrimination properties, thus leading to models that perform
similarly to oKDE, but are significantly less complex. This is achieved by
directly building a classifier (not each class model separately from the oth-
ers), therefore in adaptation of a single class model is weakly supervised
by other, uncertain, class models. The paper thus provides the necessary
methodology for building probabilistic models for classification in the WP5.
The new methodology is called the online discriminative Kernel Density Es-
timation (odKDE), and since it is derived from the oKDE, it not only allows
building classifiers from positive examples but also from negative examples,
which is central for the learning tasks in WP5.
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2.3 Ridge et al. “Self-supervised Cross-Modal Online Learn-
ing of Object Affordances for Developmental Robotic
Systems”

Bibliography B. Ridge and D. Skocaj and A. Leonardis: “Self-supervised
Cross-Modal Online Learning of Object Affordances for Developmental Robotic
Systems” Proceedings of the IEEE International Conference on Robotics and
Automation (ICRA), Anchorage, USA, May 2010

Abstract For a developmental robotic system to function successfully in
the real world, it is important that it be able to form its own internal repre-
sentations of affordance classes based on observable regularities in sensory
data. Usually successful classifiers are built using labeled training data,
but it is not always realistic to assume that labels are available in a de-
velopmental robotics setting. There does, however, exist an advantage in
this setting that can help circumvent the absence of labels: co-occurrence
of correlated data across separate sensory modalities over time. The main
contribution of this paper is an online classifier training algorithm based
on Kohonens learning vector quantization (LVQ) that, by taking advantage
of this co- occurrence information, does not require labels during training,
either dynamically generated or otherwise. We evaluate the algorithm in
experiments involving a robotic arm that interacts with various household
objects on a table surface where camera systems extract features for two
separate visual modalities. It is shown to improve its ability to classify the
affordances of novel objects over time, coming close to the performance of
equivalent fully-supervised algorithms.

Relation to WP This paper presents a self-supervised cross-modal com-
petitive learning neural network that can be trained online to form a clas-
sifier where the categories are automatically generated by the algorithm
based on the statistical properties of the data. Therefore, it addresses the
requirements of WP5 on multiple levels, primarily in the areas of continu-
ous learning and the representation of cross-modal concepts. The algorithm
can be trained online from scratch, without any prior model being in place,
thereby addressing one of the main facets of continuous learning. Moreover,
while at the beginning of training the algorithm doesn’t have any concept
or model of affordance categories, by the end of training it has developed its
own affordance categories based on the statistics of the data it has observed
during training, thus developing on another idea from continuous learning;
the ability to form novel concepts over time. It is inherently cross-modal, in
that separate learning layers that initially are trained independently, over
time conspire to influence each other during training via cross-modal con-
nectivity.
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2.4 Roa and Kruijff. “Offline and active gradient-based learn-
ing strategies in a pushing scenario”

Bibliography Roa, S. and Kruijff, G.-J.M.: “Offline and active gradient-
based learning strategies in a pushing scenario”. In ERLARS, 2010 (To

appear).

Abstract When operating in the real world, a robot needs to accurately
predict the consequences of its own actions. This is important to guide its
own behavior, and in adapting it based on feedback from the environment.
The paper focuses on a specific problem in this context, namely predicting
affordances of simple geometrical objects called polyflaps. A machine learn-
ing approach is presented for acquiring models of object movement, resulting
from a robot performing pushing actions on a polyflap. Long Short-Term
Memory machines (LSTMs) are used to deal with the inherent spatiotem-
poral nature of this problem. An LSTM is a gradient-based model of a
Recurrent Neural Network, and can successively predict a sequence of fea-
ture vectors. The paper discusses offline experiments to test the ability of
LSTMs to solve the prediction problem considered here. Cross-validation
methods are applied as a measure of convergence performance. An active
learning method based on Intelligent Adaptive Curiosity is also applied for
improving the learning performance of learners trained offline, generating a
combination of learners specialized in different sensorimotor spaces after the
knowledge transfer.

Relation to WP This work is related to Tasks 5.2 and 5.3. Task 5.2 is
related to cross-modal learning of visiomotor concepts. Task 5.3 is related
to active learning. We design a feedback loop between sensing and acting
for the robot to select actions on the basis of an intrinsic motivation. This
work is also related to the WP 5, specifically task 2.10.
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2.5 Vrecko et al. “Binding and Cross-modal Learning in
Markov Logic Networks”

Bibliography A. Vrecko, D. Sko¢aj, A. Leonardis: “Binding and Cross-
modal Learning in Markov Logic Networks”. Submitted, 2010

Abstract Binding the ability to combine two or more modal representa-
tions of the same entity into a single shared representation is vital for every
cognitive system operating in a complex environment. In order to success-
fully adapt to changes in an dynamic environment the binding mechanism
has to be supplemented with cross-modal learning. In this paper we define
the problems of high-level binding and cross-modal learning. By these defi-
nitions we model a binding mechanism and a cross-modal learner in Markov
logic network and test the system on a synthetic object database.

Relation to WP The paper addresses the problems of high-level cross-
modal binding and learning, as defined in Task 5.2. It defines both problems
and shows, using the Markov logic networks, how can high-level cross-modal
associations be learned in this framework.
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2.6 Skocaj et al. “Cross-modal learning”

Bibliography D. Skoc¢aj, G.-J. Kruijff, A. Leonardis: “Cross-modal learn-
ing”. Submitted to Encyclopedia of the Sciences of Learning, 2010

Abstract Cross-modal learning refers to any kind of learning that involves
information obtained from more than one modality. In the literature the
term modality typically refers to a sensory modality, also known as stim-
ulus modality. A stimulus modality provides information obtained from a
particular sensorial input, for example visual, auditory, olfactory, or kines-
thetic information. Examples from artificial cognitive systems ("robots”)
include also information about detected range (by sonar or laser range-
finders), movement (by odometry sensors), or motor state (by proprioceptive
sensors). We adopt here the notion of modality that includes both the sen-
sorial data, and further interpretations of that data within the modality.
For example, from a pair of (depth-calibrated) images, a cloud of points in
3-dimensional space can be computed. We obtain both types of data (the
image data, and the 3D points) from the same visual sensor. At the same
time, they differ in what information they provide. We consider information
sources derived from sensorial data as derived modalities that by themselves
can be involved again in cross-modal learning.

Relation to WP In this contribution to the Encyclopedia of the Sciences
of Learning we define and discuss the term ”cross-modal learning”, which is
the central research topic of WP5 and Task 5.2.
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Multivariate Online Kernel Density Estimation with
Gaussian Kernels

Matej Kristan,Member, IEEEand Al&s LeonardisMember, IEEE

Abstract—We propose a novel approach for online estimation applications of learning from sequences of data is that they
of probability density functions. Our approach is based on the gl require a type of online construction of the models.
kernel density estimation (KDE) and produces models that enable A popular approach to generating models from data is

online adaptation, which at the same time maintain a low (or o . . .
bounded) complexity that scales sublinearly with the observed to_ model the probability dgr_]sny function (p_df) associated
samples. During online adaptation, we maintain a non-parametric With the observed data. Traditionally, parametric modelsell
model of the data itself and use this model to calculate the on Gaussian mixture models (GMM) [27], [28] have been
corresponding KDE. The dominant parameter in the KDE is applied with some success in estimation of the pdf when all
the kermnel bandwidth and we propose an automatic bandwidth  ya1 are observed in advance. The parametric mixture models

selection rule, which can be computed directly from the non- . . .
parametric model of the data. Low complexity of the model is typically require specifying the number of components (or

maintained through a novel compression/revitalization scheme. an upper bound on the number) in advance [28], [S0] or
We analyze the properties of the proposed online KDE and implementing some data-driven criteria for selection of th
compare it to the state-of-the-art approaches on examples of appropriate number of components (e.g. [12], [48]). Improp
estimating stationary and non-stationary distributions, and on choice of the number of components may lead to models

examples of classification. The results show that the online KDE hich fail t t th lete struct £ 1h d .
outperforms the state-of-the-art online Gaussian mixture modg WNCH Tall 10 capture the compiete structure or the un adyi

and achieves a comparable performance to the batch approaches Pdf. Non-parametric methods such as Parzen kernel density
while producing models with a significantly lower complexity and estimators (KDE) [15], [31], [49] alleviate this problem by
allowing online updating by using only a single observation at a treating each observation as a component in the mixture mode
time. and assuming all components have equal bandwidths. In case
Index Terms—Online models, probability density estimation, of using Gaussian kernels, for example, the bandwidth is
Kernel density estimation, Gaussian mixture models. the kernel's covariance. The problem of KDE is then how
to automatically set the kernel bandwidth. Indeed, efficien
bandwidth estimation is a difficult problem which has been
. INTRODUCTION studied extensively in the literature (e.g., [10], [3910]4[44],

ANY tasks in machine learning and pattern recognitiolft/1)- Usually, the approaches for the bandwidth estinmtio
I\/I require building models from observing sequences §CUS on one-dimensional or low-dimensional problems,(see
data. In some cases all the data may be available in advarfed; [8l: [11], [21], [44], [47]) and approximations in the
but processing all data at once (i.e., batch processingyhes Cas€ of multivariate application (see, e.g., [8], [17], ][38
computationally infeasible for large data-sets. This wias, [39))- Recently Murillo and Rodriguez [30] have proposed an
example, a major motivation for extending the batch a|g@_ff|0|ent cross—v.alld.atlon—baseq method which iterayivehl-
rithms such as the principal component analysis (PCA) to &glates the_multwanat_e bandwidth. One drawback of _the KDE
incremental variants, e.g., [6], [25], [41]. Incremeralion 'S that th_eur complexity (number of components) increases
allowed building models from large data-sets without bein!{j‘ea”y with the number of the observed data. To remedy this
bounded by the computer's memory limitations. Furthermoriicrease, methods have been proposed to reduce the number
in many real-world scenarios all the data may not availabff Components (compress) either to a predefined value [15],
in advance, or we even want to observe some process Iop): OF t0 optimize some data-driven criteria. Exampleshes
an indefinite duration, while continually providing the bedatter approach are reduced-set-density estimators [h#jfw
estimate of the model from the data observed so far. Thé§¥imize an approximatd., distance between the unknown
scenarios are, for example, central for the problems in fi€nsity and the model, and MDL-based radial-basis-functio
velopmental and cognitive robotics [2], [35], [36], [43 i (RBF) networks [26] which gradually remove the RBF units
which a cognitive agent learns gradually from observing ay ©Ptimizing a minimum-description-length criterion |37

interacting with its tutor or environment (e.g. [24]). A coron  Alternatively, Pawlak and Staditler [32] have investigated

point in applications of learning from large data-sets arfgftimation of one-dimensional KDEs from a pre-binned data
(histograms) with a preset binning to reduce the model's
complexity.

M. Kristan is with the Faculty of Computer and Information Suie, In an online scenario, we are faced with several difficulties
University of Ljubljana and with the Faculty of Electricaln§ineering, \yhen trying to estimate a compressed mixture model. The
University of Ljubljana in difficulty is th h del h . . ffici

A. Leonardis is with the Faculty of Computer and Informatiorie@ce, _maln ! _'Cu ty 1s that the model has to m.al.ntaln a su |C.|ent
University of Ljubljana information to adapt to future data (sufficient complexity)
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while at the same time it has to generalize well the paRBF, is that they likely lead to over/under-smoothing pei$
observations for a good prediction (prediction capacity)is when the bandwidth is not estimated (or guessed) properly.
means that we require generally methods that possiblyaibocRecently, we [24] have proposed an incremental kernel tensi
new components as new observations arrive as well as rewstimator, which uses the least assumptions in compargson t
the components estimated in the previous time-steps. A mottee related methods. The only assumption is that the target
with a small number of components will generalize the padtstribution is sufficiently smooth, which is a common aspum
observations, but might also underestimate the distobudis tion in the kernel density estimation framework. The method
too smooth (over-smoothing). Then as new data-pointsegrrivmplements a variant of a recursive kernel density estimato
the model may lack the information required to increase ifsee, e.g., [10]) for bandwidht estimation and implememts a
complexity. On the other hand, a drawback of keeping a veoptimization to compress the distribution. A drawback aftth
large number of components in the model is that the modekthod is that it requires computationally intensive itigea
might overfit the data which results in poor generalizatiooptimization, it is applicable only to one-dimensional ajat
(under-smoothing). and can suffer from poor initialization in cases of a small
There have been several attempts to address the problemsuwhber of samples. Generally, a positive side of imposing
online estimation in the context of merging the non-paraimet assumptions on the distribution, which we want to estimate,
quality of the kernel density estimators with the Gaussids that we can better constrain the problem of estimation and
mixture models in online applications. Typically, authem- design efficient algorithms for the task at hand. A downside
strain their models by imposing various assumptions abi@ut tis that once the assumptions are violated, the algorithriis wi
distributions to be estimated, leading to various algangtfor likely break down and deteriorate in performance. In thiggra
online adaptation. Arandjelowiet.al. [1] proposed a schemewe therefore aim at an algorithm, which would be applicable
for online adaptation of the Gaussian mixture model whidio multivariate cases, would be minimally constrained by th
can be updated by observing as little as a single data-poassumptions and therefore efficiently tackle the diffiesltof
at a time. However, a strong restriction is made that datadsline estimation.
temporally coherent in feature space, which prevents i&s us
in general applications. In particular, the smoothnesseirt
model depends heavily on the distance between succesé\'/eO
data points. If the distance is smaller than assumed, théAMe propose a new multivariate online version of the ker-
model will likely be over-smoothed. On the other hand, ifiel density estimator, which enables adaptation from only
the distance is greater than assumed, the model will be undersingle observation at a time. Our approach is grounded
smoothed resulting in a poor prediction capacity. Prieb@ am the following two key ideas. The first key idea is that,
Marchette [34] proposed an online EM algorithm, calledwecti unlike the related approaches, we do not attempt to build a
mixtures, which allows adaptation from a single observatianodel of the target distribution directly, but rather maint
at a time, assumes the data is radnomly sampled from thenon-parametric model of the data itself in a form of a
underlying distribution, and includes a heuristic for altr sample distribution- this model can then be used to calculate
ing new components, which makes it less sensitive to date kernel density estimate of the target distribution. The
ordering. Song et. al. [42] aimed to alleviate the restritsi sample distribution is constructed by online clusteringhed
on data orderings by processing data in large blocks. Bfschdata-points. The second key idea is that we treat each new
and Leonardis [5] use an RBF-based network and apppservation as a distribution in a form of a Dirac-delta fiowc
an MDL-based procedure for basis function allocation arahd we model theample distributiorby a mixture of Gaussian
deletion — they assume a predefined initial RBF size. Daigcleand Dirac-delta functions. During online operation the glam
and Piater [9] assume each data-point is a Gaussian witldistribution is updated by each new observation in esdgntia
predefined covariance. All data are stored in the model atite following three steps (Figure 1a): (1) In the first step, w
a heuristic is used to determine when a subset of the datadate the sample model with the observed data-point. (2)
(Gaussians) can be replaced by a single component. Hanletthe second step, the updated model is used to recalculate
al. [18] proposed an online approach inspired by the kerrible optimal bandwidth for the KDE — here, the main issue
density estimation in which each new observation is addeditohow to calculate the bandwidth without having access to
the model as a Gaussian kernel with a predefined bandwidtie previously observed individual samples. (3) In thedthir
The model's complexity is maintained through the assumptiostep, the sample distribution is refined and compressed. Thi
that the underlying probabilty density function can be agpr step is required because, without compression, the nunfber o
imated sufficiently well by retaining only its modes. Theyomponents in our model would increase linearly with the
therefore implement compression by searching for the modasserved data. However, it turns out that a valid comprassio
of the distribution and approximating them by Gaussianene point in time might become invalid later, when new data-
This approach deteriorates in situations when the assunpmints arrive. The result of these invalid compression$é t
predefined bandwidths of kernels are too restrictive, anenwvhthe model misses the structure of the underlying distrdvuti
the distribution is locally non-Gaussian. Such examplesaar and produces significantly over-smoothed estimates (sgeg, e
skewed distribution, a heavy tailed distribution and thiéaxrm  Figure 10). We therefore require a refinement algorithm to
distribution. In general, a major problem with those methodietect such events and to recover from them. The main issues
which assume a predefined (known) kernel bandwidth, odintiaere are: (i) how to devise an optimization which would

ur approach
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Fig. 1. A three-step summary of the online KDE iteration (a)e Bample modeb; ;) is updated by a new observatiap and compressed into a new
sample modelS ;). An illustration of the new sample modél,) (sample distributiorps 8x) along with its detailed mode{q;(x)};=1.4) is shown in (b).

efficiently compress the sample model, (i) how to determiregorithm is presented in Section V. In Section VI we analyze
the extent of the allowed compression and (iii) how to recovéne recostructive and discriminative properties of the &D
from the early compressions. To allow the recovery froWe analyze how the parameters, the data ordering and the
the early compression, we keep for each component in thevitalization scheme affect the oKDE's performance and we
sample distribution another model of the data that gengratsompare the oKDE to existing online and batch state-of-the-
that component. This detailed model is in a form of a mixturart algorithms on examples of estimating distributions and
model with at most two components (Figure 1b). The rationatdassification examples. We conclude the paper in Sectibn VI
behind constraining the detailed model to two components is

that this is the simples_t detailed model that allpws demect.i II. THE MODEL DEFINITION

of early over compressions. After the compression and refine . ) . )

ment step, the KDE can be calculated as a convolution of/" this section we define our model. As stated in the

the (compressed) sample distribution with the optimal gkrnintroduction, we aim at maintaining a (compressed) model of
calculated at step 2 (see Figure 2). the observed data-points in a form of a distribution model,

and use this model to calculate the KDE when required.
ps(X) ) PROE (X) We therefore start with the definition of the distribution of

/\(\T T % _ the data-points. Each separate data-point can be presented

/\ B in a distribution as a single Dirac-delta function, with its
probability mass concentrated at that data-point. Notirzg &
Fig. 2. Calculation of the KDEpxps(x) through a convolution of the Dirac-delta can be generally written as a Gaussian with zero

sample distributiorps (x) with a kernel (Dirac-deltas are depicted by upwarccOvariance, we define the model of (potentially compresged)
arrows). dimensional data as al-component Gaussian mixture model

Our main contribution is the approach for multivariate N
online kernel density estimation (0KDE), which enables-con ps(x) = Z @iz, (X = Xi), (1)
struction of a multivariate probability density estimate dib- =1
serving only a single sample at a time and which can automathere
ically ballance between its complexity and generalizatidn d 11 Tso1

: . ) = 419" 3 (-3 (x—) BT (x—p))

the observed data points. In contrast to the standard battdwi = (X — #) = (2m) "2 [X| Ze 72 (2)
estimators, which require access to all observed data, meedes 5 Gaussian kernel centered @twith covariance matrix

a method which can use a mixture model (sample distributios) \we call p,(x) a sample distributiorand a kernel density
instead and can be applied to multivariate problems. TRitimate (KDE) is defined as a convolution pf(x) by a

enable a controlled compression of the sample distributi@ o el with a covariance matrix (bandwidtH) (see Figure 2):
propose a compression scheme which maintains low distance

between the KDE before and after compression. To this end, N

we propose an approximation to the multivariate Hellinger PDE(X) = ¢n(x) * ps(x) = Zai¢H+Esi (x—x;). (3)
distance on mixtures of Gaussians. Since over-compression =1

occur during online estimation, we propose a revitalizatio To maintain a low complexity of the KDE during online
scheme, which detects over-compressed components andoperation, the sample distributign (x) is compressed from
fines them, thus allowing efficient adaptation. time to time by replacing clusters of components in théx)

The remainder of the paper is structured as follows. oy single Gaussian components. Details will be explaintt la
Section Il we define our model. In Section Il we derivén section IV. As noted in the introduction, compressions
a rule for automatic bandwidth selection. We propose tle@ some point in time may later become invalid as new
compression scheme in Section IV, where we also addrekda arrive. To detect and recover from these early over-
the problem of over-compression. The online KDE (oKDEgompressions, we keep an additional model of data for each
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component in the mixture model. We therefore define olihe estimateng(x) plays a role of the so-callegilot distri-
model of the observed samplas butionwith covariance term&,; = G+ 3X,; andG is called
the pilot bandwidth Using the approximations in (8) and the
Smodel = {Ps (%), {¢s (%) }i=1:v } (4) " derivation in Appendix A, we can approximai(p, F) by

wherep,(x) is the sample distributiorand ¢;(x) is a mixture .
model (with at most two components) for tiith component R(p,F,G) = /tr{ngG (x)}tr{FG, (x)}.  (10)
n ps(x). (Figure 1b.)' To obtain a KDE, we need to compute Sinceps(x) andpg(x) are both Gaussian mixture models,
the optimal bandwidth from all the observed samples, which : . .

. . we can calculate the functional (10) using only matrix atgeb
are now summarized in the sample modelx) (step 2

in Figure l1a). In the following we propose a method for N N

calculating this bandwidth. R(p,F,G) =) "> aia;on, iz, (g — ) X

i=1 j=1

2
[1l. ESTIMATION OF THE BANDWIDTH [2tr(FA;;FB;;) + tr*(FCyj)],  (11)

If we retained (did not compress) all the observed sampleere for each paiti, j) we have used the following defini-
in the sample model, then the sample distributipy{x) tions

would contain only components with zero covariances (i.e, Ay = (Bt

>, = 0 for all ]%']) and the KDE (3) would be defined ’ & O r

as pxpe(x) = Y, ciéu(x —x;). The goal of all KDE Bij = Aj{l—2(ugi — psj)(pgi — 11s5)" A},
methods is to determine the kernel bandwiBifrsuch that the Cij = Au{l— (ngi — psj) (g — ps) " Aij}. (12)

distance between thexpg (x) and the unknown pdp(x), peryation of (11,12) is rather laborious, and is based @n th
that generated the data, is minimized. A classical measyy

2 : W€ P. wand's [46] study of an integral similar to (10). For
used to de_flne the_ closeness (_)f the es_t'mmf’E(X) to onvenience, we have removed the required derivations into
the underlying pdf is th@symptotic mean integrated square

) he Appendix B.
error (AMISE), defined as ( [47], pp.95-98), Note that we still have to determine the pilot bandwidth

_dypp_1o g Lo 5 G of pg(x) and the structuré® of the bandwidth matrix
AMISE = (4m) 7= [H|"ZN, " + id /tr {HGy (x)}dx, H. We us(e)the empirical covariance of the observed samples
(5) stmp to approximate both. First we resort to a practical as-
wheretr{-} is the trace operatog,(x) is a Hessian op(x), sumption [11], [47] that thetructureof the bandwidthH can
and N, = (X1, a2)~". If we rewrite the bandwidth matrix be reasonably well approximated by the structure of the co-
in terms of scaleg and structurd, i.e., H = °F, and assume variance matrix of the observed samples, e+ 3, We
for now thatF is known, then (5) is minimized at scale  estimate the pilot bandwidtks by a normal-scale rule [47].

d _1 Note that the normal-scale provides a bandwidth that is
Bopy = [d(4m)* NoR(p, F)] "7, (6) optimal in AMISE sense if the unknown distributigiix) is in
where the term fact normal. While this assumption is too restrictive to dile
estimateH, it is admissable in practice for estimation of the
R(p,F) = / tr*{FG,(x)}dx (7) bandwidths for the derivatives (see, eg. [47] page 71). The
pilot bandwidth using the multivariate normal-scale rute f
is a functional of the second-order partial derivativés(x), the derivative ( [47], page 111) is given by
of the unknown distributiomp(x). In principle, this functional A 4 ,
could be estimated using the plug-in methods [47], however, G = ESmp(m)m. (13)

these are usually numeric, iterative, assume we have atxess
all the observed samplesd often suffer from numerical insta-

bilities. In our case, we maintain only a (compressed) nnéctu

model of the samples, and we require an approximation to theHaV'ng approximated t'he optimal bapdmdth, the next step
functional using this mixture model. Is to compress and refine the resulting model (step 3 in

We first note (see, eg. [47]) thaR(p,F) can be Fh|gure_ 1_a).|J'I;fhe objectlvetofthe fog_p:e_zs[[(_)n is to approtéma
written in terms of expectations of the derivatived"® Original N-component sample distribution

IV. COMPRESSION OF THE SAMPLE MODEL

Yr = [pP)(x)p(x)dx. We can then use the sample N

distribution p,(x) to obtain the following approximations ps(x) =) widx,, (x — ;) (14)
=1

~ . (T ~ (T)
p(x) = pa(x) s p™ (%) = pg (), (®) by aM-componentM < N, equivalentp,(x)

where we approximate the derivative k), pg)(x), through M

the following kernel density estimate Ps(x) = Z?ﬁjqﬁg” (x — f15), (15)
j=1

N
pa(x) = ¢a(x) * ps(x) = ZO‘J¢E (x—pj).  (9) such that the resulting (compressed) KDE does not change
pa * significantly. Since a direct optimization (e.g., [24]) dfet
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parameters ijs(x) can be computationally prohibitive, andwhere we defingZ(Z(M)) as the largest local clustering error
prone to slow convergence even for moderate number Bf{p,(z;7;), Hop:) under the clustering assignment)),
dimensions, we resort to a clustering-based approach. The - _ A )

main idea is to identify clusters of componentspisix), such EE()) = ﬂjrgﬁ}z(mE(pS(x’ ), Hopt)- (19)
that each cluster can be sufficiently well approximated by
single component ips(x). Let Z(M) = {m;};=1.m be a
collection of disjoint sets of indexes, which clusie(x) into
M sub-mixtures. The sub-mixture corresponding to index&§

'Ia}we local clustering erroE(ps(x; 7;), Hopt ) tells us the error
induced under the KDE with bandwidt,,., if the cluster
(x;m;) is approximated by a single Gaussian. We define this

i € m; is defined as error next.
ps(ximy) = > wigs,, (x — ;) (16) A. The local clustering error
iem; Let H,, be the current estimated bandwidth, and let

and is approximated by thgth componenti; ¢y, ( — ;) pi(z) =ps(x;7;) be a cluster, a sub-mixture of the sample
of ps(x). The parameters of thg— th component ‘are defineddistribution defined by (16), which we want to approximate
by matching the first two moments (mean and covariance) [Wjth @ single Gaussiap, () according to (17). We define the

of the sub-mixture: local clustering error as the distance
;= Z~e Gy Wi = w7t Z{e Wil E(p1(x), Hopt) = D(prxpe(X),pokpe(x),  (20)
ey em(g
- between the correspondif¢DESs
j = Wj Zm( i i) = ] - 17) pondined

X) = X) * X
For better understanding, we illustrate in Figure 3 an Pixpe( )_ P1(X) * Oty (%)
example in which components of a sample distributigfx) PoxpE (%) = po(%) * Pr,, (X).

are clustered to form another (compressed) sample diStibu In particular, we can quantify the distance between distrib
ps(x) with a smaller number of components. We also show thiens using the Hellinger distance [33], which is defined as
KDEs corresponding to the original and the compressed KDE. 5 A
While the number of components in the sample distribution is D*(p1xpE(X), PokDE(X))=

reduced, the resulting KDE does not change significantly. }/(leDE(X)% _ pOKDE(X)%)2dX- 1)
2

Note that, while the Hellinger distance is a proper metric

/ i \ between distributions and is bounded to interi@ll] (see,
L wids,(x— i) le g, (X 6;) e.g., [33]), it cannot be calculated analytically for thextare
— o models. We therefore calculate its approximation using the
s unscented transfornfi22], which has been recently applied
T - :> in [14] for approximating the Kullback-Liebler divergence
between mixture models. For convenience, the derivation of
= Y = fare L. the unscented approximation of the Hellinger distanceviergi
W2 @3 =3 = {Wj}j:m/ in the Appendixp(?. ’ K
f ~ B. Compression by hierarchical error minimization
ps(x) * pn () — Ps(x) * ¢n(x) In principle, the global optimization of (18) would require
pPkDE(X) PrkpE(X) evaluation of all possible cluster assignmefis\/) for the

|::> number of clusterd/ ranging from one taV, which becomes
M quickly computationally prohibitive. A significant redimb
in complexity of the search can be obtained bjiararchi-
\ / cal approach to cluster discovery. Similar approaches have
been previously successfully applied for speeding up the EM
Fig. 3. The images illustrate a compression of a four-composemiple di algorithm [29], online visual category discovery [16] and
tribution ps(x) into a three-component counterpgg(x) using the clusterlng controlled data compression with Gaussian mixture modaels t
assignmenE(3) = {x;};—1.3. The left and right columns show the sampleg predefmed number of clusters [15] [19]
distribution (upper row) and the corresponding KDE (lowewy before and In our |mplementat|on the hierarchical clustering prme
after compression, respectively. .. . L
as follows. We start by splitting the entire sample disthiitau

As indicated in Figure 3 the compression seeks to identif(x) into two sub-mixtures using the Goldberger's [15] K-
the clustering assignmerE(M), along with the minimal Means algorithm for mixture modélsvith X = 2. Each sub-
number of clusters\Z, such that the error induced by eactinixture is approximated by a single Gaussian and the sub-
cluster is sufficiently low, i.e., it does not exceed a pribezt Mixture which yields the largest local errai(p, (x; ), Hopt)

thresholdDy,, INote that to avoid the singularities associated with the ammepts in

M = in E(=(M t E(Z(M)) < D 1 the sample distribution with zero covariance, the K-meanerdhgn for the
argj\;nln ( ( )) » St ( ( )> = th ( 8) Gaussian mixtures is carried out on the corresponding KDE.
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is further splitted into two sub-mixtures. This process isificant error into the KDE with the bandwitH,,; estimated
recursively continued until the largest local error is Sidintly ~ at the time of compression. However, during online openatio
small and the conditiorE(Z(M)) < Dy, in (18) fulfilled. new samples arrive, the sample distribution &fg,, change,
This approach generates a binary tree withleafs among and so does the estimated KDE. Therefore, a compression
the components of the sample distributipf(x), in which which may be valid for a KDE at some point in time, may
the leafs of the tree represent the clustering assignmeh&come invalid later on. This is illustrated in Figure 5.

E(M) = {7 };=1.m. Once the clustering (M) is found, the
compressed sample distributigg(x) (15) is calculated using
(16) and (17). An illustration of the hierarchical clusterion

by, (x)

. . . . . ps(x D X
a one-dimensional example is shown in Figure 4. S/(X)(\TT " PrpEL(X)
ps(x)  E> Dy VAR
M’T\T ps(x) ®n,(x) PRDE(X)
= - /\(\/\ ’ )
= = d E(E(M)) < D
B Do B = Do - compressed at t . (E(M)) < Dy

Ry
J
w
.
o
s

ps(x) PKDEt+n(X)
A[\/\ ’ /\ ) M\
E < Dth E < Dth

= [} =
Ps(x) Hyy, (%) PKDEt+n (X
A Andt A
\\\ Fig. 5. [lllustration of the early over compression. The lefiddle and the

ps(x) Pps(x) right columns show the sample distribution, the bandwidth tedresulting
:> KDEs, respectively. The first and the second row of left colushow the
/\(\TT sample distribution and its compressed counterpart, ragphciNote that the

compressed counterpart is valid, since the KDE does not ehsiggificantly
(right column). The third row illustrates a time-stép+ n, in which the
Fig. 4. lllustration of the hierarchical clustering. Thengmonents of the bandwidth changes and so does the KDE (right column). Thedasshows
sample distributions (x) are hierachically clustered to form a tree. Each leathe KDE calculated from the non compressed sample distributging the
of the tree is replaced by a single Gaussian and togethertfiermompressed bandwidthH;,,. This KDE is significantly different from its compressed
sample distributiorps (x). version, which makes the early compression at time-stiewalid under the
bandwidth at time-step + n.

Recall that we keep track of a detailed model for each com-
ponent in the sample distribution (see, e.g., Figure 1bg Th
detailed modefj; (x) of the j-th component in the compressed . ] )
modelp, (x) is calculated as follows. If the set contains only ~ The over compression can be detected through inspection of
a single index, i.e.xr; = {i}, then thej-th component of the the detailed modebf each cqmponeqt in the sample distribu-
compressed sample distribution is equal tostie component 10N ps(x). The local clustering errof(g; (x), Hopt) (19) of
in the original sample distribution and therefore the dethi €aCh component;¢s, (x) in the sample distribution can be
model remains unchanged, i.g,(x) = ¢;(x). On the other evaluated against its detailed modglx) to verify whether the
hand, if; contains multiple indexes, then the detailed modefiobal clustering error from (18) exceeds the threshblgl.
corresponding to these indexes are first concatenated intd9se components ip,(x) for which E(g;(x), Hopt) > Dy

single extendedmixture model are removed from the slample.distribution and re'placed by the
R two components of their detailed model. A detailed model is
Gjext(x) = Z qi(x). (22) then created for each of the new components. For example,
i€m; let w;¢x,(x — p;) be one of the new components. If the

Then the required two-component detailed modglx) is determinant of¥; is zero, then this component corresponds
generated by splitting;ext(x) into two sub-mixtures again to a single data-point and therefore its detailed model $$ ju
using the Goldberger's K-means and each sub-mixture thee component itself. However, in case the determinant is
approximated by a single Gaussian using (17). Note that thenzero, it means that the component has been generated
detailed model is constrained to at most two componentsesirihrough clustering of several detailed models in the previo
this is the least complex model which enables detectionef thompression steps. Its detailed model is then initializgd b

early over compressions as discussed next. splitting ¢s,(x — u;) along its principal axis into a two-
o o component mixture, whose first two moments match those of
C. Revitalizing the sample distribution the original component. More precisely, BIDUT = 3; be

The compression identifies and compresses those clustersingular value decomposition &; with eigenvalues and
of components whose compression does not introduce a sggenvectors ordered by the descending eigenvalues. Tieen t
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new detailed mixture model is defined as Algorithm 1 : Compression of the sample model
9 Input: ~
_ Z ards, (X — i), (23) Smodel = {Ps(x),{Gi(x)},_1.57} --- the M-component
— sample model.
=FM+ ;5 po =FM — p;, H,,: ... the current optimal bandwidth.
T 1 Dyy, ... the maximal allowed local compression error.
3 =FCF" ; o) = iwm Output:
) Smodel = {Ps(x),{d;(x)}j=1:1}, . .. the compressed/-
where C = diag([3/4,01x(a-1]), M = [0.5,015-1)]" component sample model.

F = UvVD and 0,41 is all-zeros row vector of length Procedure:

(d—1). An example of revitalization is illustrated in Figure 6, 1. Revitalize eachi-th component inps(x) for which
and the entire compression procedure along with the revital E((ji(x);Hopt) > D,;, according to Section IV-C and re-

ization routine is summarized in the Algorithm 1. place the sample model with thé-component revitalized
— mOdel: Smodel — {ps (X)a {QZ (X)}izlzN}-
ps(x) E > Dt ps(x) | 2: Initialize the cluster set:
B Bedm B<DuB<Dh EM)={m} m={1,....N}, M =1
% | 3: while Dy, < max E(py(x;7;)) do
T, €E(M
. . |:> .- 4. Select the cluster with the maximum local error:
71(x)|72(x)|73(x) 71(%)a2(x)|g3(x) g4 (%) m; = arg maxE(ps(x; 7))
A A i €E(M)
/S&P I T /S_Q\F 5. Split the sub-mixtureps(x; ;) into two sets using the
Goldberger'skK-means:r; — {m;1,7j2}.
E(E(3)) > D E(4)) < Den 6: Update the cluster set:
M — M +1, E(M) «— {{E(M) \ 7}, mj1, mj2}.

Fig. 6. lllustration of the revitalization procedure. Thedtlcolumn shows the 7 end while
sample distributiorps (x) along with its detailed mode]g(x)};=1.3 prior to ’ . .
revitalization. TheE > Dy, indicates that an over compression was detectedd: Regroup the components pf(x) according to clustering
for the third component (from left to right) in the sample dizmition. The E(M) and construct the compressed sample m@g{e&)_

revitalized sample distribution and new detailed model atevshin the right . . PN . .

column, where the third component was replaced by its detailedel. 9 lfOI’ eachy-th component Irps(x) _create its detailed model
g;(x) from the reference detailed modefs;(x)};=1.n
according to the clustering(M).

V. ONLINE KERNEL DENSITY ESTIMATION

A key point of the online kernel density estimation is the At time-stept we observe a sample, and reestimate the
ability to properly update the sample distribution and te rgample modelS oaei(r) = {Pst) (%), {qi) (%) Fi=1:0, } (and
calculate the bandwidth as new samples arrive. Furthermatence the KDE) in the following steps.
if the samples arrive from a non-stationary process, thenStep 1: Update the sample modelThe effective number
a forgetting factor should be taken into account since thef observed samples is augmented using the forgettingrfacto
recently observed samples are better representativeseof ¥} = N, ; f+1 and the weighivy = N, * of the new sample
current underlying distribution. In this section, we déser is computed. The sample distribution is updated by the new
an iteration of the proposed online kernel density estiomati pbservatiod as
algorithm, whose steps were outlined in the introduction
(Figure 1a). Ds(ty(x) = (1 — wo)ps(t—1)(X) + wogo(x —x¢).  (26)

Let us denote the model of the samples observed up
time-step(t — 1) as

Smodel(t—1) = {Ps(t—1) (%), {@it—1) (¥) pi=1:na,_, )5 (24)

wherepg;_1) is a M;_;-component sample distribution,

'IIRe detailed modef,; (x) = ¢o(x —x;) corresponding tex,
is added to the existing set of detailed models

{‘ji(t) (X)}izlzm = {{qi(x)}i:]-?Mt—l?th (%)}, (27)

Thus yielding an updated sample model
My

ps(tfl)(x) = Zi:l aiqszsi (X - ,ut) (25) Smodel(t) = {ﬁs(t) (X), {Qz(t) (X)}i:hI\;It}' (28)

Let N, denote theeffective numbeof observationSup to  Step 2: Reestimate the bandwidth.The empirical co-

time-step(¢ — 1), let Ny;—1) be the value of the parametevariance of the observed samplés.,,, is calculated by
for bandwidth caIcuIatmn](fa in equation 6) and lef be a approximating,,(x) by a single Gaussian using the moment

forgetting factor. matching (17) and the parameter for bandwidth calculation
is updated asN,; = (Noj(t 1)( — wp)? + w3)~L. The

2Note that if there is no forgetting involved then all the datints are
equally important, regardless of the order in which theyarrin this case the _
effective number of observations is just the number of all olesksamples. 3Note that(-) denotes the updated model before the compression.
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new optimal bandwidth is then approximated according fearts. In the first four parts, we have analyzed the oKDE's
Section Il as reconstructive performance, while the last experimenlyaed
- =1 the oKDE's discriminative performance. In the first expegith
H, = F[d(47r)d/2N al(p, F, G)| 75 (29) (section VI-A) we have analyzed how the parameters and data
with F = ﬁ:smp, G = ﬁ:smp(m)ﬁ, and with the ordgrings affect the reconstructive performance qf the.EKD
functional R(p, F, G) calculated according to (11). An important part of the proposed oKDE algorithm is the
Step 3: Refine and compress the modehfter the current revitalization of the sample_ dlstrlbuuo_n, which gllowso_aery
bandwidthH, has been calculated, the sample mﬁ%dcl(t) from early over-compressions (as dlsc’ussed in section)IV-C
is refined and compressed, using the Algorithm 1, into anc_j helps to correctly ada.pt the modgls structure as new dat
arrive. The second experiment (section VI-B) was therefore
Smodel(t) = 1Pst)(X), {qi(e) (X) pi=1:01, }- (30) dedicated to the analysis of the revitalization effectstHe
rﬁheird experiment (section VI-C) we have compared the oKDEs

In our implementation, the compression is called after so :
P P reconstructive performance to the related state-of-thbaich

threshold on number of componerit;,. has been exceeded. ) . . . . S
ponents,. and online methods in estimating stationary distributions

Note that this threshold does not determine the number of com the fourth experiment (section VI-D) we have analyzed

ponents in the final model, but rather influencesfteguency he oKDE's reconstructive performance in estimating a non-
at which the compression is called. To avoid too frequers caf . R P . 9
stationary distribution. In the last experiment (sectioREY

to compression, the threshold is aiso allowed to vary dufieg we have analyzed the oKDE's discriminative performance in
online operation using a simple hysteresis rule: If the neimb L yzed . P o
: . _application of online construction of a Bayes classifier. In
of componentsM, still exceedsM,,. after the compression, . o
all the experiments, except for the fourth which involved

E\Zeltgj;hre?ﬁg:]di;ndcésfsaé:ggz Hi%]\g}\}; otherwise, if estimating a non-stationary distribution, the forgettfiagtor
;?eCQaICLj?;t’e the KDE: Afterthihe three:hcéteps of the N the OKDE was set ¢ = 1. This effectively assigned equal
. - ... importance to all data, regardless of the order. The expearien

%Il_gimu%dna;ﬁt rﬁlﬁxﬁjrgnrfgsgll the sample distribution is vvaere performed on a standard 2GHz CPU, 2GB RAM PC in
t P Matlab.

M,

Py (%) = D s, (x — ), (31)
=1

A. Influence of the compression paramefgy, and data order

The only free parameter in the oKDE is the compression
parameterD;y,, which quantifies the local approximation er-
ror during compression (and revitalization) in terms of the

and the current KDE is calculated from the sample distrdouti
according to (3):

PrDE(X) = Py (X) * dm, (%) unscented Hellinger distance. The aim of the first part of
M, the experiment was therefore to illustrate how the differen

= Zai¢25i+Ht(X_Mi)o (32) values of this parameter affect the oKDE's performance.

i=1 The experiments involved approximating a spiral-shapes tw

dimensional stationary distribution defined as
A. Preprocessing by removing the null-space

: T

Since the samples used to build the oKDE model may not x = [(1+0) cos(9), (1 + 0) sin(9)]" +w (33)
span the entire data space but rather lie on a lower-dimeaisio w~ dx, (1) 5 0 ~U(0,10)
manifold, the updates in the oKDE may suffer from singulgfere Yo = diag{0.92,0.92} and 1(0,10) is a uniform
covariances. For example, this is usually true for the @8l f yistribution on interval0, 10]. An example of the spiral model
updates when we initialize the oKDE using smaller numbejfisng with its distribution is shown in Figure 7. A set of 1000
of samples than the sample dimensionality. To avoid thesgmnples was generated from this distribution — the first ten
pathologies, the oKDE and the new data-point are first (9ior g mpjes were used for initialization and the rest were used o
update) projected into a subspace using a principal CONMONg; 5 time to update the oKDE. After all 1000 samples have
analysis, the updates are carried out there, and then th&oKfben ohserved, the reconstructive performance of the KDE

is backprojected into the original space. model was evaluated as the average negative log-likelilbod
additionally drawn 20,000 samples.
VI. EXPERIMENTAL STUDY The performance of the oKDE with various compression

A significant difference between the online and batch akalues was compared with thedaptive mixtureqAM) ap-
gorithms is that the batch algorithms have access to all dat@ach [34], which is essentially an online EM algorithm
during the learning, while the online algorithms observéyonfor Gaussian mixture models with an automatic component-
portions of the data at a time, discard the old observatioaiocation heuristic. The performance results are showdeun
and retain only the models derived from them. Another dithe "random ordet label in Table I. We can see that after
ference is that the online approaches my deal with onlyabserving the 1000th sample, the oKDE with smallest com-
single data-point (or a few) at time, and thus different daf@ession threshold produced models with the smallest error
orderings may affect the model’s quality. To analyze thea and produced a mixture model which on average contained
of these differences, the experiments were divided into fi8¥ components. By increasing the compression threshaid, th
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random

sorted inward Sorted outward

Fig. 8. Mixture models of the spiral distribution from Figufeobtained by different orderings of data: random (first rosgrted outward (second row) and
sorted inward (third row). Each model is shown as a decomposgtimimodel, and as an image of its distribution.

TABLE |
THE AVERAGE NEGATIVE LOG-LIKELIHOOD (—£) AND THE NUMBER OF COMPONENTS IN THE MODEWN¢myp) FOROKDEp,, AND AM W.R.T. TO THE
DATA ORDERS. RANDOM, CENTER-TO-OUTERMOST AND OUTERMOS¥TO-CENTER.

[median, meant standard deviation]

random sorted outward sorted inward
method —L Nemp —L Nemp —L Nemp
AM 5.45, 5.45 £ 0.0431 43, 43.3+7.25 5.46, 5.46 +0.0139 217, 216 £12.5  5.41, 5.41 +£0.00907 115, 115£6.3
oKDEg 01 | 5.39, 5.39:0.00548 37, 37.7+3.22 5.39, 5.3%:0.00526 49, 48.9+2.6 5.39, 5.39:0.0055 36, 36.8 2.8

oKDEg.02 | 5.39, 5.39£0.00589 19, 19.6 £1.43 5.39, 5.39 £0.00602 20, 20.3+2.48 5.41, 5.41 +£0.011 18, 17.8 £1.38
oKDEg.03 | 5.42, 5.43 £0.0157 14, 14.4+£1.41 5.43, 5.43 +£0.0199 12, 124+1.4 5.57, 5.57 +0.0458 12.5, 12.6 £1.33
oKDEp.04 | 5.48, 5.48 £ 0.0302 12, 11.8£1.44 5.61, 5.63 £+ 0.0878 9, 897+1.5 5.77, 5.76 + 0.0602 8, 7.5£1.5
oKDEg.05 | 5.56, 5.55 £ 0.0591 10, 10 £ 1.76 5.87, 5.83 £0.0706 , 5.03+1.4 5.84, 5.84 +0.0372 5, 5.2+£1.03
oKDEg.06 | 5.58, 5.59 &+ 0.047 8, 8.27 £1.05 5.9, 5.9 £0.0247 , 3.43+£0.858  5.89, 5.88 +0.0287 4, 3.93+0.74
oKDEog.o7 | 5.72, 5.72£0.113 6, 5.87£1.94 5.92, 5.91 £0.0195 , 2.7£0.535 5.91, 5.9 £0.0345 3, 3.2+£1.21

W W| Ut

distribution from a single-time-step observation is diffias it

is, it becomes more difficult if the information about thelsca

of the target distribution is not available from the starb. T
simulate these conditions, we have performed two variation
of the experiment with the 2D spiral distribution in which we
enforced a predefined order to the observed samples. The orde
was enforced by deterministically selecting the valueshef t

Fig. 7. The left image shows the mean of the spiral model (dagaal POSition parameteé (33) along the spiral at equal distances
with some samples (bright) generated from the model, while itite image from the |nterva_|[() 1()]
shows the corresponding spiral distribution.

In the first variant, the position values were organized
in an ascending order, thus yielding antward ordering of
number of components decreased, while the approximatig@ata-points from the spiral’s center, while the secondatim
error increased. In terms of the approximation error, thged a descending order of position values, which yielded an
OKDE outperformed the AM folD, values smaller thaf.03.  inward ordering. In both orderings, the early samples indicated
Note that the AM-estimated models contained on average g45small scale of the estimated distribution, and the entire
components, while for example, the oKDE wifly, = 0.02  scale became evident slowly at later time-steps. In the anatw
produced more accurate models which contained on averaggering the scale became apparent only slowly, since & larg
20 components. For convenience we show typical estimate@mber of samples are concentrated at the center of the. spira
models for AM and oKDE in the first row of Figure 8.This trend was faster for the inward ordering. The results fo
By comparing these images with the image of the refereng& outward and inward ordering are given in the second and
distribution in Figure 7, we can visualize the reductiontw t third columns of the Table I. With increasing,, the oKDE
complexity of the estimated distribution with increasif@t produced models with lower number of components at a cost
compression threshold in the oKDE. of larger approximation error. With respect to the values of
1) Sorted data: In the previous part of the experimentDy,, the number of components remained comparable with
the data-points have been sampled randomly from the entine random sampling. On the other hand, the AM produced
distribution. Therefore the information abothe scaleof models whose complexity was significantly larger. This can
the target distribution was present in the observed samples attributed directly to the missing scale information he t
throughout the experiment. While online estimation of aarly samples, which initially caused allocation of a large
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number of components in the AM model. The accuracy of theertain components in the sample distribution into a common
oKDE for outward ordering is comparable to random orderingjuster may be valid at some point in time, but this com-
for values Dy, < 0.04. However, for the inward ordering, pression can become invalid later on as new data arrive and
the decrease in accuracy in comparison to random orderimgw structures in the distribution should become appasent.
becomes already apparent for valueg, = 0.03 (Table I, last example of such compression was illustrated in Figure 5. To
column). more concretely demonstrate how the revitalization inftesn

With increasing the compression threshdlg,, the degra- the quality of estimation with increasing the number of abse
dation of the models in oKDE was faster for inward thamations, we have performed density estimation using the®KD
outward ordering. The reason is that gredigy, allows grater with and without the revitalization scheme. In this expexmn
loss of information about the structure of the distributdur- we have generated 1000 samples from a heavily skewed one-
ing online estimation. In absence of the structure infoiomat dimensional reference distribution (see, Figure 10), asedu
the models deteriorate. Note, however, that even in the casee sample at a time with theK DE to approximate this
of inward ordering withD;, = 0.05, the models retained adistribution. Figure 10 (upper row) shows examples of the
rough structure of the spiral distribution (see, Figure&t| estimated distributions after observing 100 and 1000 sasnpl
row, fifth pair). without using the revitalization scheme, with the compi@ss

To estimate how the oKDE performs regardless of the dataeshold set toDy, = 0.02. We see that after observing
order, the results of Table | were averaged over the differetD0 samples the reference distribution is approximated by
data orders. The results are shown in Table Il and visualized over-smoothed four-component model. The error of this
in Figure 9. We see that on average the oKDE with, < over-compression is propagated further as new sample arri
0.03 outperforms the AM by producing models with smalleand prohibits a significant improvement of the model even
errors and smaller number of components. With increasiadter additional nine hundred samples. On the other hand,
the compression values, the number of components furtivelnen using the oKDE with the revitalization scheme acti-
decreases, while the errors increase. vated, the model better approximates the reference pdicire

after the first 100 samples (Figure 10, lower row). As more

TABLE Il o :
THE AVERAGE NEGATIVE LOG-LIKELIHOOD (—E) AND THE NUMBER OF samples are Observed’ the revitalization scheme rewatize
COMPONENTS IN THE MODEL(Neimp) FOROKDE b, AND AM over-compressed components and better adapts the model’s
AVERAGED OVER THE DIFFERENT DATA ORDERS complexity, resulting in a significantly better approximoat
[median, meant standard deviation] The graphs in Figure 11.(Ie'ft cplumn) show the d'lstar)ces
) Nemyp between the reference distribution and its approximatitors
AM 5.44, 544 £0.035 115, 125+ 71.6 the different values of the compression threshbld,, w.r.t.
SEBEO'M ggg' g-iegod(l’gg% 319é 41193253 the number of the observed samples averaged over 20 trials.
oKDEq oy | 5.44 54800745 13 132165 Without the revitalization, the distances decrease only fo
oKDEg. g4 | 5.61, 5.630.132 9, 9.432.33 the first 50 to 200 samples, and then remain approximately
OEBEO'OS g-gg' g-;ig-ij;’ 2‘ g;iggé constant. For the first hundred samples, these results aye ve
o. 0.06 .87, o. . , O. . . . o R
oKDE, ¢» | 5.9, 5850111 3 302104 similar to '_[he case when apply|_ng _the revitalization s_cheme
However, in case of the revitalization scheme the distances
further decrease with increasing the number of samples.
"y Nemp
250 after 100 samples after 1000 samples
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Fig. 9. The average negative log-likelihood-£) and the number of

components in the modeNcr.p) for AM andoKDEp,, regardless of the Fig. 10. The upper row shows two distributions estimatedr afteserving

order of data. 100 and 1000 samples without using the revitalization schentkee oKDE,
while the lower row shows the results of enabling the reizigdion in the
oKDE. The reference distribution is depicted by dashed (green), while
the estimated distribution is depicted by solid (blue) line.

B. Influence of the revitalization scheme

An important part of the oKDE is the revitalization of the To further illustrate the improvements of using the revital
sample distribution. As discussed in section IV-C, mergingation scheme, we have calculated the improvement factors
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~; W.r.t. the number of samples as of additionally sampled 20,000 observations. The expearme
was repeated 10 times for different random sets of samples.
, (34) An example of amKDEg o> model after observing a thousand
samples is shown in Figure 12b.

where ¢; is the L, distance between the reference distri- The second part of the experiment involved estimating a

bution and the model without revitalizatiom; is the Li three-dimensional stationary spiral distribution defifgdthe

distance between the reference distribution and the mogstiowing model

with revitalization and; is the index of the observed sample. 1 1

Figure 11 (right column) shows these results for the difiere  x = [(13 — =) cos(t), —(13 — ~t)sin(t),t]T +w  (36)

values of the compression threshaldl,. We can see that 2 2 )

. : o . w o~ g, (4) 5 t~U(0,14),

the improvement of using the revitalization scheme in@sas w

with the number of samples regardless of the compressimhere X,, = diag{1,1,1}, and ¢/(1,14) is a uniform

threshold Dy;,. For example, after observing 1000 sampleslistribution constrained to intervadl, 14]. A set of samples

the improvement for all tested valud, was betweent5% generated from the model (36) is shown in Figure 12c. Again,

and 65%. a set of ten thousand test samples was generated from this
. model — the first 10 samples were used for initialization ded t

o : rest were used one at a time with the oKDE, to approximate the

underlying distribution. The reconstructive performanfé¢he

models was evaluated by the average negative log-likedihoo

of additionally sampled 20,000 observations. This expenim

was also repeated 10 times. An example of the estimated dis-

tribution with oKDEg oo after observing a thousand samples

001k 02 is shown in Figure 12d.

200 400 600 800 1000 0 200 400 600 800 1000
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(& — &)
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Fig. 11. The left plot shows thé,; distance errors for the X DE with
the revitalization scheme (bright cyan), and without thetadization scheme
(dark blue), w.r.t. the number of samplé&.mp. The right graph shows the
improvements in terms of error reduction (improvement fagtgr The results
for oK DEy.01, oK DEy.02, oKDEgy.04 andoK DEy g5 are depicted by
solid, dashed, dash-dotted and dotted lines, respectively

C. Comparison with batch methods

As noted earlier, a significant difference between the enlin
and batch algorithms is that the batch algorithms have aahst
access to all data, while the online algorithms discard the’
data and retain only the models derived from the observed’
data. These models thus have to retain enough information’
to be able to successfully update when the new observations *
arrive. We have therefore compared the performance of the
oKDE with three batch state-of-the-art KDE methods: Hall's
et. al. [17] plug-in (implementation [20]), Murillo’s etl.g30] Fig. 12.  First row shows the sinusoidal distribution and #eeond row
cross validation and Girolami’s et. al. [13] reduced-setlty shows the spiral distribution. Left column shows the refeesdistributions
estimator initialized by the cross validation estimatoar F and the right column shows the estimated distribution usiNg>Eq.o2 after

observing a 1000 samples.
reference, we have compared the oKDE also to the adaptive
mixtures [34].

Th i ¢ isted of t ts. The first ¢ The results of the two experiments are summarized in
€ experiment consisted of two parts. The Tirst par fﬂ%ble lll, Table IV and Figure 13. The different estimators

the c.exp('ariment. involved estimation of a 2D noisy sinusoidg e denoted as: cross validation (CV), Hall's plug-in (Hall
distribution defined by reduced-set-density estimator (RSDE), the adaptive mastu
x = [a,sin(3a) + w]T (35) (AM) and the online KDE with compression threshalel;,
A1/« e (. (0KDEp,,).

a=4(t=1/2)5 w~ o () Among the batch approaches, the CV outperformed the
with o,, = 0.22. The mean of the model along with someother two batch methods in terms of accuracy. While the
generated samples is shown in Figure 12a. Ten thousadVantage of the batch methods is that they optimize their pa
samples were generated from this distribution — the first forameters by having access to all the data-points, they becom
were used for initialization and the rest were used one aea tiincreasingly slow with increasing the number of data-point
to update the oKDE. The reconstructive performance of tlaad can also run into computer’s memory constraints. Indeed
models was evaluated by the average negative log-likedihothis was the case for the particular implementations of the

15
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TABLE Il
THE AVERAGE NEGATIVE LOG-LIKELIHOOD —£ AND THE NUMBER OF COMPONENTS IN THE MODEL(N¢ymp) W.R.T. THE NUMBER OF OBSERVED
SAMPLES FOR THE EXPERIMENT WITH THE SINUSOIDAL DISTRIBUTI®. THE SYMBOL “/” INDICATES THAT THE ESTIMATOR COULD NOT BE
CALCULATED DUE TO MEMORY LIMITATIONS.

50 samples 1000 samples 6000 samples 8000 samples 10000 samples
Batch methods | —L Nemp —L Nemp —L Nemp —L Nemp —L Nemp
CcVv 1.71£0.10 504+0.0 1.30+£0.01 1000+0.0 1.33t0.00 600@0.0 1.32£0.00 8000+0.0 1.35+0.00 1000Gt0.0
Hall 2.35-0.03 50t0.0 1.98:0.01 1006-0.0 1.79:0.01 600@-0.0 1.76£0.00 800@0.0 / /
RSDE 1.98+0.15 23t4.2 1.36t0.01 38Q:11.4 1.26+0.01 2203t47.4 / / / /
Online methods| —L Nemp —L Nemp —L Nemp —L Nemp —L Nemp
AM 21A0.12 1H27 1.72£0.14 22£3.9 1.54:0.14 38t5.8 1.52t0.13 416.3 1.50t0.13 43t6.3
oKDEo.01 1.97+£0.07 16+1.6 1.45+0.01 34+1.8 1.314+0.01 48+2.6 1.30£0.01 51+2.8 1.30+0.01 54+2.6
oKDEo.02 1.98+0.09 12+1.7 1.48:0.01 2H2.1 1.45:0.03 28t1.9 1.450.03 29t2.6 1.44:0.03 30t2.3
oKDEo.04 1.97+0.05 8t1.1 1.65t0.05 1:1.7 1.610.03 13t1.6 1.610.03 14t15 1.60t0.03 14t1.6
oKDEo. 05 2.00+0.05 6t1.1 1.73t0.03 9+1.1 1.65:0.04 10Gt1.4 1.64t0.04 1113 1.64:0.04 111.6

TABLE IV

THE AVERAGE NEGATIVE LOG-LIKELIHOOD —L AND THE NUMBER OF COMPONENTS IN THE MODEL(N¢ymp) W.R.T. THE NUMBER OF OBSERVED
SAMPLES FOR THE EXPERIMENT WITH THE3D SPIRAL. THE SYMBOL “/” INDICATES THAT THE ESTIMATOR COULD NOT BE CALCULATED DUE TO
MEMORY LIMITATIONS .

50 samples 1000 samples 6000 samples 8000 samples 10000 samples
Batch methods | —C Nemp —L Nemp —L Nemp —L Nemp —L Nemp
CcVv 8.07£0.25 50+0.0 6.61+0.01 1000+0.0 6.50+0.00 6000+0.0 6.53t0.01 8000+0.0 6.52+0.01 1000Gt0.0
Hall 8.14+0.20 50t0.0 6.95:0.01 100@-0.0 6.69:0.01 600@-0.0 / / / /
RSDE 8.64+-0.67 30t7.6 6.69:0.03 516t82.5 6.54-0.01 2614-17.1 / / / /
Online methods| —C Nemp —L Nemp —L Nemp —L Nemp —L Nemp
AM 8.66£0.16 18:2.7 6.93t0.09 42t4.3 6.62£0.07 64:6.0 6.60£0.06  68t5.8 6.58:0.06 72£6.2
oKDEqo.o1 8.03£0.20 24+15 6.75:0.01 46+2.4 6.49+0.00 51+1.7 6.47+£0.00 52+1.8 6.45-0.00 52+1.4
oKDEjg 2 8.04£0.25 19+1.7 6.740.01 291.4 6.53:0.01 32t1.1 6.52+0.01 33t1.1 6.5H-0.01 33t1.2
oKDEj. 04 8.14+0.30 14+1.3 6.84t0.01 20t1.1 6.69:0.04 23t15 6.66:0.02 24+1.3 6.64:0.02 24t1.2
0oKDEo.05 8.08+0.28 13t1.4 6.88:0.03 18t0.9 6.75£0.03 2H1.1 6.72:0.04 2H1.2 6.710.04 2H11

batch RSDE and Hall, which prohibited estimation for verynodel of the observed data, and were able to adapt the
large sets of samples. This is indicated in the Table Il amdodels with each new observation, the batch methods retuire
Table IV by the symbol “/". For smaller number of samplegprocessing also all of the previously observed samplesgalon
the batch CV outperformed the online methods in terms wfith the current observation, thus increasing their coxiple
accuracy, however, at a cost of severely increased modslwell as the complexity of their updates.

complexity. For example, after observing thousand datatpo
the complexity of CV model was one-thousand componen
while the complexity of thedKDE, o; was only5% of that.
For increasing the number of samples over (approximatelyln the third experiment we applied thek' D Eq o2 to ap-
6000), the oK DE started to outperform the CV also inproximate a non-stationary distribution. This distriloutivas
terms of better accuracy, while maintaining the number &f mixture of two distributions,

components low. In Figure 13 we can see that in the case

of CV, the number of components increased linearly with po(x,t) = w(t)p1(x) + (1 — w(t))p2(x), (37)

the number of samples, while in the case of o0KDE modelgnose mixing weightw(t) was changing with time-steps
the number of components initially increases, but thereraftrhe first distributionp, (x), was a heavily skewed distribution
approximately 500 samples stabilizes and increases dtiéy, li (Figure 14a), while the secongy(x), was a mixture of a
For example, after observing 10000 samples, the complexififiform and a skewed distribution (Figure 14c). The weight
of the CV model was 10000 components, while the complexifyas set taw(t) = 1 for the first 1000 samples and it gradually
of the oK' DEy .01 was approximately 52 components. Whilgjecreased to zero for the next 7000 samples atudte =

the number of components from 6000th to 10000th samplg; — 1)0.995. Thuspo(x, ¢) transited from pure; (x) to pure

increased by 4000 in CV model, this increase was in thg ). Figures 14(a,b,c) show the distribution at time-steps
oKDEy1 on average by six components in the case f— 1 ; — 1800 andt = 8000, respectively.

sinusoidal distribution (Table Ill) and only 1 componentf®e  gjnce the distribution was non-stationary, the forgetting
case of the spiral distribution (Table IV). All online mett® tactor in oK DE, op was set tof = 0.999. Thus the effective
(oKDE as well as AM) on average produced models Witgample size converges 1, = 1000 and theoK DE, o> was

a smaller number of components than the batch RSDE. dgrforming as if it effectively observed only 1000 samplEse

all experiments, theoKDEoo; and oKDEg.¢2 consistently ,x p g, o, was initialized from the first 3 samples and the rest
outperformed the online AM model in terms of accuraCyyere added one at a time. The quality of estimation at time-
The oKDE 2 also consistently produced models of lowestep+ was measured by the1 distance between the current
complexity than the AM. It is importanj[ to note that while thgygtimate angh (x, ¢). The performance of thek DE, 4, was
online methods (oKDE and AM) maintained a compressgbmpared to the adaptive mixtures and the two sliding-windo

B.’ Estimation of non-stationary distributions
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TABLE V
THE L1 DISTANCE AND THE NUMBER OF COMPONENTS IN THE MODEWN¢mp) W.R.T. THE NUMBER OF OBSERVED SAMPLES FOR THE EXPERIMENT
WITH THE NONSTATIONARY DISTRIBUTION.

1000 samples 3000 samples 6000 samples 8000 samples
Ll Ncmp Ll Ncmp Ll Ncmp Ll Ncmp
oKDE o2 0.09£0.01 10+ 0.8 0.08£0.01 10+0.92 0.05£0.01 1040.94 0.04+£0.00 10+ 1.3
Ccv 0.14+£0.01 1000+0 0.06£0.01 10000 0.06£0.01 10000 0.06+0.00 10000
Hall 0.16 £0.01 10000 0.07£0.00 1000£0 0.08£0.00 10000 0.08+£0.00 100040
AM 0.16+£0.06 84+27 011+£0.02 96+£27 009+£0.03 11+26 0.08+£0.03 11+26
—L Nmnp

increased thd.; error. On the other hand, this behavior has
not been observed for the oKDE, AM and the Hall's method.
In all experiments, the K DE,y, models with comparable
accuracy to AM, however, it consistently outperformed the
AM in terms of accuracy. An example of the model produced
by the oKDE is shown in Figure 14(d).

1 0
0 2000 4000 6000 8000 10000 10 0 2000 4000 6000 8000 10000
Nsamp Nsamp

Nemp

7.2

' (a) D (b)
6.8 o
6.6
64 Vs P TS A I T AR T
1
0 2000 4000 6000 8000 10000 ' G 2000 4000 6000 8000 10000 S
Nsamp Nsamp (C) (d)
— VY eeees RSDE oKDEo .01 +=+= 0oKDEg 04 Fig. 14.  The phases of the non-stationary distributiort at 1 (a), t =
- = Hall eee- AM = = = 0KDEg g -+« oKDEjg o5 1800 (b) andt = 8000 (c), and the estimated distribution with oKDE after
) ) observing the 8000th sample (d). The components obtkieD Fy g2 model

in (d) are depicted by solid thin lines and the oKDE is showrsafid thick
Fig. 13. The evolution of the average negative log likelithand the number line, while the reference distribution is depicted by a d@ashreen line.

of components w.r.t. the number of samples for the sinusoidstilolition

(upper row) and the spiral distribution (lower row). This igeais best viewed
in color. Ly Ncomponents

025 —F-e-o6-o-o o

0.2

batch methods, CV and Hall batch KDEs, which have beeqsp..
computed using the last 1000 observed samples. The forgetti )
factor in the AM was set as in theK DEj .. Note that
since the distribution was non-stationary, the AM algarith 05
was producing mixtures that contained many components
whose weight was approximately zero. This comes from the ® 200 4000 6000 8000 2000 4000 6000 8000
fact, that the AM algorithm lacks a mechanism for removing e e
redundant components. Therefore, during online operatfon Fi_g.hlS. 'Lhel_h estimatilon err_orr1 (left) andd ths dn_ur_ntk))er of (r:]omponlents
; 4 I, - - - .

the AM, those components whose weight fel belt ! were '8 0P el e 5Ty Gasnecs. Hal (dousar and A

. Figure 15 and Table V summarizgyted bright).
the results.

Both batch methods outperformed the AM model in terms ) o
of accuracy, however, they produced models of significantfy Online models for discrimination
greater complexity. On average, th& DE, o> outperformed  To analyze how the discriminative properties of the oKDE
both, CV and Hall, batch KDEs by maintaining lower erroevolve during online estimation, we have compared the clas-
and using one tenth as many components. The approximatsification performance of the oKDE with three batch KDEs:
error of models produced by theX DE, o, was lower for the CV batch KDE [30], the reduced-set density estimato} [13
1000 samples, became slightly greater than that of the batshialized by the CV and the Hall's batch KDE [17] For the

KDEs for 200 and 3000 samples, and then became again lowey,
P 9 ISince the Hall's KDE assumes a diagonal covariance matrix ef th

We have noticed tha_t in some (rar(_e) C_ase_s’ the _CV Pfoquce%\'ﬂel, the data was pre-sphered before applying the H&lDE for better
under-smoothed estimate of the distribution which temilgra performance.
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baseline classification, we have applied a multiclass SV withe kernel density estimate of the underlying distribution
an RBF kernel [7]. The methods were compared on a set®ihhce in online operation, the samples arrive continually,
public classification problems [3] (Table VI). The classtion low complexity of the model has to be maintained. We have
performance of the KDE-based methods was tested usingharefore proposed a compression scheme, which searahes fo

simple Bayesian criterion clusters of components and approximates them by a single
o 38 component. To enable recovering from false compressions,
y=ars fnaXpKDE(X|Cl)' (38)  each component is also described by a more detailed mixture

. model. The approach was analyzed using examples of online
T s o o e vt fbimatonof isonay 5 we 2 o Sialonay s
periment . 9 nd on classification examples. In all experiments, the oKDE

set. The classification experiment was conducted via four-
o LT was able to produce comparable or better results to the- state

fold cross validation. The oKDE was initialized from the

first 10 samples and the rest were added one at a time. 'Igrg?t: el-ee:(ritt b@g?S?pnph[i?:zf:lesl’ov\y:rlIflvrr)lzloedtl:]cemgmmgg:ésovgg?e
compression threshold was set i3, = 0.05. The results P Y 9 y : prop

is a contribution to the literature on kernel density estiora

of the experiments after observing all the data-points A% such parts of our approach can contribute to solutions

summarlze_d n Ta_lble VI’. Wh'.le the Fig. 16 shows the OKD%f some other problems as well. The proposed unscented
results during online estimation.

After observing all the data-points, the batch methods, valelll.ng.er dlstgncg may be used, for example, as a general
e tric in applications where one needs to compare mixtures
and CV, produced on average best classification. The oK SFGaussians (e.g., [15]). Recently, an approximate priibab
outperformed batch RSDE and slightly Hall's KDE batc 9 ' Y. PP P

e nsity estimator was proposed for visual tracking in [T8e
method, and produced a comparable classification to the SVM.. . .
and the CV. An important observation is that the oKDE Oufstmator is based on KDE, however, the kernel bandwidth

performed, or produced comparable performance, to thdnba% either predefined by user or an ad hoc scheme which is

methods, even though the oKDE was constructed by observi\ﬁumerable to d_ata order is applied. Our b_andW|dth selac_tlo
(Ir#ge can be directly applied to that estimator to provide
e

only a single sample at a time. In contrast, the SVM and bat ans of an automatic and theoretically supported bantdwidt

KDEs optimized their structure by having access to all ths?election.

samplles. A further thing to note is t'h'at, With the exceptién 9 Furthermore, since we maintain a non-parametric model of
the Pima dataset, the oKDE’s classification performanctequihe data, it W(’)u|d be interesting to consider in the future

closely matched that of an SVM, eventhough the oKDE is Ivr\]lork standard improvements of the bandwidth selectors such
its nature reconstructive, while the SVM optimizes its stowe P

to maximize discrimination. Note also, that the complexitas sample point or baloon density estimator [38], [47]. An-

of the models learnt by batch KDEs is generally larger th %rg] neéw?é(ttr? nssé?enctgl%Qg]b%\/ﬁﬁ:%ae“ﬁgvgfStgsn Ctrho:tst_x:“glig)oE
that of the oKDE. For example, for thketter dataset, the i

successfully approximates the nonstationary distrilmstidhe

OKDE required one third as many components to achieve“]%r etting factor” was predetermined. An interesting uen
comparable performance to the CV and Hall’s KDE. While the 9 9 P i 9

. S f furhter research would be how to automatically determine
RSDE retained a significantly smaller number of componerﬁ%S factor directly from streaming data
than the oKDE for théetter dataset, the RSDE's classification y 9 ’

performance was significantly lower. By further inspection Note that Fhe upgjate progedure in the OKDE make§ It
of the results in Fig. 16, we can also observe a gene%lreconstructlve estimator, since the compression algorit

trend that the number of components initially signiﬁcantlgenallzes errors in the reconstruction. We can think abdwait t

increases in the oKDE, but then stabilizes for larger numberw(?]?;?]rizzﬁg Zlﬁi?]tingsgf t‘zz Tgcizzifjé?vz[ecggurfrl?rf?ttilon
samples, while the recognition score further improvess i We believe that replacing this cost function with some othe}
particularly evident for thevine and Letter datasets, in which P 9

the bound on the complexity is reached relatively early oeraf criteria would yield different properties of the online KDE

observing 90 and 200 samples per class (300th and SZOB’tglhﬁ:tem;T?e'ggangn grégeaopgml—iﬂonofalgo:gr;? ' Itr;]dseti?)
sample), respectively, while the classification performanw v Y EXp possibility of replacing thi S

further increased through the model refinement. This maljé@cupn W'th a .C“.te”"?‘ that, '”St?ad of reconstrqcnomess, I
enalizes discriminative errors in [23] and obtained enagu

the oKDE an appropriate tool for online operation since T : .

: e INg preliminary results. We believe that this venue of resea
r mpr models with lassification perfOl . o

produces compressed models with good classification perfy Il lead to online probabilistic discriminative models deal

. . . . ) |
mance, while at the same time allowing online refinementy

of the model without necessarily increasing their commjexi?hneg:e k?égiL?eznﬂg)/reeﬂ%?:stfgrév?hc: ,:’(\)/ '”icbseot;ags:j c())r? g;ﬁ
with each training example. yp ' P going

research.

VII. CONCLUSION
APPENDIXA

We have proposed an approach for a kernel density esti-
FUNCTIONAL APPROXIMATION

mation which can be applied in online operation. The central
point of the proposed scheme is that it maintains a compdesseln this appendix we derive an approximation to the func-
model of the observed samples and uses this model to compideal R(p, F) from Section lll. We write the multiple partial
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TABLE VI
AVERAGE CLASSIFICATION RESULTS(RECOG.) AND AVERAGE NUMBER OF COMPONENTS PER CLAS$Ncmp) IN THE MODELS ALONG WITH & ONE
STANDARD DEVIATION. THE NUMBER OF SAMPLES IN EACH DATASET THE DIMENSIONALITY AND THE NUMBER OF CLASSES ARE DENOTED BYNg, Np
AND N¢, RESPECTIVELY

oKDE Ccv RSDE Hall SVM
dataset Ng Np Nc¢ | Recog. Nemp Recog. Ncmp Recog. Necmp Recog. Necmp Recog. Nemp
Iris 150 4 3 | 974£3% 30 96+3% 380 964+2%  10+£5  97+4% 380  96+3%  16+1
Pima 768 8 2 | 70£1% 162£3  72+:2% 288+0 65+3% 48£10 67+2% 2880 78+3%  160t4
Wine 178 13 3 | 99+2% 450 92+£4%  45£0  94+4%  44£0  99+£2%  45£0  98+£2%  22+4
Letter 20000 16 26| 95+0%  222£5 96+0% 6130 55+0% 250  95+-0% 6130 96+0% 3220

Iris Pima Wine Letter
1%—'—##\ 1 [ S—
° 0.8 e GKDE o 0.8
’g s C\/ g
» 06 « = = » RSDE (?)06
= == Hall
0.4 == SVM 0.4 0.4
0.2 0.2 0.2 0.2
40 60 80 100 100 200 300 400 500 40 60 80 100 120 5000 10000 15000
Nobs Nobs Nobs Nobs
40 300 600
40
2 200 2 30 e 400
5 o L5 e e ——
> Z sof = m e -l =
200
10
0 0 gBfisesizecnerenenesenes
40 60 80 100 100 200 300 400 500 40 60 80 100 120 5000 10000 15000
N N N N
obs obs obs obs

Fig. 16. Upper row shows classification results (Score) dvedlower row shows the number of components per claés.() w.r.t. the number of all
observed samples\,,,s). The results for the oKDE are depicted along with one stahdaviation bars. For reference, we also show results ferbtitch
methods after observing all the samples.

derivatives of ad-variate functiong(x) as with r = r; + ro and with even|ry| and |rz|. This means
ol that entries in (40) are simply expectations of partial even
g = ———g(x), (39) derivatives of an unknown distributign(x). We now approx-
Oxy' ... 0wy imate the unknown distribution by a sample mogglx) and
With © = (r1,...,74) a vector of nonnegative integers andagg)roximate its derivative through a kernel density ediéma

lr| = %, r;. According to [47] (page, 98) we can rewrite’G (x) (approximations in equation 8), where

|
R(p, F) from (7) into

Ng
pa(x) = agios,, (g — X)
=1

R(p,F) /tr{ng(x)}tr{ng(x)}dx

_ T N
= vech’ (F)®gvech(F), (40) ps(x) = Z s bz, (Hsj — X).-
j=1

with W denoting agd(d + 1) x 3d(d + 1) matrix

This means that the entries. are approximated by

wg=1/vam@gAx>—dggAx»>x

vech? (2G,(x) — dg(G,(x)))dx, (41) b = / P& (x)ps(x)dx
and where the notatiodg denotes the diagonal matrix formed _ / pgl)(x)pgrz)(x)dx_ (43)
by replacing all off-diagonal entries by zeros. Sirggx) is

a matrix of second partial derivatives, each entriylig can

be written in terms of functionals,. By matching the last line of the (43) with the first line of (42)

we get the approximation o¥g,

_ (1) (x)p(t2) (x)dx
v = [0 Bg = [ veci(20p0(2) — ds(Gpo ()

= / P (x)p(x)dx (42) vech” (26,5 (x) — dg(Gps(x)))dx. (44)
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Plugging ¥¢ back into (40) yields the following approxima-Using E[(Y — i) (Y — 1gi)7] = Bgi(Zgi + Bej) ' S +
tion of R(p, F): (175 — i) (1455 — ugi) T it can be shown that each of the factor

. in the second term is equal to
R(p,F,G) = /tr{ngG (x) 1tr{FG,, (x) }dx. (45) ) . )
—tr{F (Bgi+s;) " [T (ptgi—psy) (Hgi—tis) (2gi+zsj)(54])}~

APPENDIXB Combining these with (51) and applying the definitions
CLOSED-FORM FUNCTIONAL CALCULATION
To derive a closed-form solution to A = (Xg+ Esj)717
R Bz = Az I1-2 i — ; Uo; — Msi TAi" )
R(p,F,G) = /tr{ngG (x)1e{FG,.(x)}  (46) j il (1gi — i) (pgi — J; it
Cij = Ay{l— (g — psj)(pgi — 1sj)” Aijt (55)

which is based only on matrix algebra, we follow closel
the derivation of a similar integral which was studied in th
Appendix of M.P. Wand’s paper [46]. As in that paper, we

ads to the result in (11).

will require some established results: APPENDIXC
Gy = Gu(3){Z 7 (x — p)(x — WT-TiEY, (@47) THE UNSCENTEDHELLINGER DISTANCE
= ®) )
The unscented transform is a special case of a Gaussian
bx, (x — pi)ds, (x — py) = quadrature, which, similarly to Monte Carlo integratioelies
Gsvs, (i — 1) b5, (345, 13, (X — 1°) (48) ©On evaluating integrals using carefully placed points)echl

the sigma pointsover the support of the integral. Therefore,
where as in Monte Carlo integration [45], we define amportance
. s [N N distribution po(x) = v(p1(x) + p2(x)), which contains the
pr= 25 (3 3) 7+ B3+ 25) 7 (49) support of both,p;(x) as well asps(x), with v set such

and that [po(x)dx = 1. In our case,py(x) is a Gaussian
T T B mixture model of a formpy(x) = Zﬁl w;¢s, (x — x;), and
Cov(X"AX, (X —¢) ' B(X —¢)) = we rewrite the Hellinger distance (21) into
2Ar[ASB{S +2(u — e)u’}), (50) o
where X is random vector distributed ins; (1 — x), A and D*(p1,p2) = 3 / 9(xX)po(x)dx =
B ared x d symmetric constant matrices ardis ad x 1 N
constant vector. We start by expanding the integral }Zwb / 9(x)ds, (x — x;)dx, (56)
[ (B0 (G, ()} =
2
Ne N where we have defineg(x) = W . Note that
o . the integrals in (56) are simply expectations over a noalilye
Qg Oy i sj ; S . . .
; ; 80 OBy 3 (i = fs7) transformed Gaussian random variailleand therefore admit
E[tr{FZg_il[(Y ) (Y — Hgi)TE_il ~1) to the unscented transform. According to [22] we then have
Xtr{FE (Y — usi ) (Y — pe)) TS — 1)), 51 2d+1 ‘
r{FX;(( fis5)( psj) " X I} (51) 2(p1, po) ~ 7Zw’ Z ) 2.)(J))/\;Z.? (57)
whereI is an identity matrix andY a random vector dis- =0

tributed iN¢s (=1 5. )13, (x — pf:), with _ _
i (Fgih ;)™ ¥y / where {V).x;, WW,},_o.4 are weighted sets of sigma points
15 = Bsj (Bgi + X)) phgi + Bgi (Bgi + Bsj) ' 1sj- (52)  corresponding to the-th Gaussiangs;, (x — x;), and are

since E(UV) = Cov(U, V) + E(U)E(V) for two random 9efined as

variablesU and V the expectation in (51) can be written as Oy —x. : Oy — K
1 1 1 1 + K
COV{(Y — N’gz)TE 1F2gl (Y ,ugz) (])Xz =x;+5j 1T+ /{( /dzi)j (58)
(Y - NSJ)TESJ‘IFESJ‘ (Y — psg) . K 1 i<d
1 Tra—1 DW= ——— s 5, = J =@ (59)
Hr{FE,, (E[(Y — pgi) (Y — pgi) " |3, — D)} 21+k) * -1 ; otherwise

-1 T -1

)t {FE 0 (E[(Y — psg) (Y — py) " |2 = D 53 with « = = max([0,m — d]), and (v/3;); is the j-th column
Since pi}; — pisi = Bgi(Zgi + ;) ~ Ypsj — pai), (50) and of the matrix square root aE;. Concretely, leflUDU?” be a
matrix algebra can be used to show that the covariance te$igular value decomposition of covariance matkx such
is that U = {Ul, . Ud} and D = dlag{)\l, .. )\d} then
. . (VE)r = VAUp. In line with the discussion on the properties

2tr{F (Bg; + Xg;) " F(Zgi + X)) of the unscented transform in [22], we set the parametéo
[T~ 2(pgi — psj) (pgi — p1sj) " (Bgi + )]} m = 3.
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Abstract—We propose a new method for online estimation
of probabilistic discriminative models. The method is based on
the recently proposed online Kernel Density Estimation (0KDE)
framework which produces Gaussian mixture models and allows
adaptation using only a single data point at a time. The oKDE
builds reconstructive models from the data, and we extend it to
take into account the interclass discrimination through a new
distance function between the classifiers. We arrive at an online
discriminative Kernel Density Estimator (0dKDE). We compare
the odKDE to oKDE, batch state-of-the-art KDEs and support
vector machine (SVM) on a standard database. The odKDE
achieves comparable classification performance to that of best
batch KDEs and SVM, while allowing online adaptation, and
produces models of lower complexity than the oKDE.

Index Terms—Online Estimation; Discriminative Models; Ker-
nel Density Estimation

I. INTRODUCTION

Building discriminative models of some process from the
observed data is a central task of many applications in machine
learning. A popular approach to generating models is to
estimate the probability density function (pdf) associated with
the observed data. In this respect, reconstructive models such
as the Gaussian mixture models, (GMM), (e.g., [1]) have been
successfully applied in batch operation, i.e., in situations in
which all the data is observed in advance. In contrast to
the reconstructive models, the discriminative models capitalize
on the discriminative information, however, this may lead to
decreased robustness [2]. A significant drawback of the purely
batch methods is that their estimation becomes increasingly
difficult when processing extremely large amounts of data.
Furthermore, in real-world environments, all the data may not
be available in advance, or we even want to observe some
process for an indefinite duration, while continually providing
the best estimate of the model from the data observed so far.
This generates the need for models that can be constructed in
an online operation.

Adapting the existing reconstructive GMM methods to work
with online cases, in which as little as a single data-point may
be observed at a time, is a nontrivial task. In contrast to the
batch incremental models (e.g., [3]) who store and revisit all
the data in multiple passes, the online models have to adapt
from a (single) new data-point and then discard that data-
point. The main difficulty is therefore that the online models
have to maintain sufficient information to generalize well to
the yet unobserved data and have to adjust their complexity
without having access to all the observations (future as well

as past). There have been various attempts to extend the re-
constructive GMMs to online operation, however, these either
imply strong spatio-temporal constraints on the data [4], [5],
assume constraints on the shape of the target distribution [6]
or require tuning of parameters to a specific application [7].
Recently, we have proposed a non-parametric approach called
the online Kernel Density Estimation (0KDE) [8]. In contrast
to the other approaches, the oKDE does not impose any
of the above constraints but assumes only that the target
pdf is sufficiently smooth and produces models with a high
reconstructive performance. In [9] we have also considered a
variant of the oKDE that allows adaptation from positive as
well as negative examples.

While the purely reconstructive models may contain redun-
dant information required for discrimination, the discrimina-
tive models disregard the reconstructive information required
for online adaptation. Indeed, Fidler et al. [2] have shown
that even in batch methods accounting for the reconstructive
information leads to improved robustness of the discrimi-
native models. Following their results, we adapt the oKDE
framework to account for the discriminative power of the
models along with the reconstructive, thus arriving at an
online discriminative Kernel Density Estimator, which is the
main contribution of the paper. The proposed method allows
online adaptation of the discriminative models, by maintaining
enough reconstructive power to efficiently adapt to new ob-
servations, and can be used to develop online classifiers. The
remainder of the paper is structured as follows. In Section II
we briefly review the oKDE framework, in Section III we
extend the oKDE to discriminative models, in Section IV we
evaluate the approach and the Section V concludes the paper.

II. THE ONLINE KERNEL DENSITY ESTIMATION

The online Kernel Density Estimation (0KDE) produces a
generative model from the d-dimensional streaming data as an
N-component Gaussian mixture model

N
p(x) = wids, (x - x;), (1)
=1

where ¢x;(x — 1) = (27) " 2| X" 2e(-2Cmm I g g
Gaussian kernel centered at y with covariance matrix 3. We
give here only a brief overview of the oKDE framework and
refer the reader to [8] for more details.



Broadly speaking, the oKDE proceeds in two steps:

Update: Starting with the GMM from the previous time-step
pi—1(x) and the new observation x;, the oKDE augments the
pi—1(x) by a Gaussian kernel ¢, (x — x;) centered at x,
it automatically calculates the optimal covariance 3; for that
kernel and accordingly readjusts the covariances of the existing
kernels using the multivariate online plug-in rule proposed
in [8]. If required, it also refines the GMM by splitting up
some of the components.
Compress: To maintain a low complexity (i.e., low number
of components) the GMM is simplified from time to time.
The oKDE generates a binary tree among the components and
iteratively merges pairs of components until some threshold of
a cost function is exceeded. In [8], the cost function represents
the distance between the distribution before and after the
compression, which penalizes the reconstruction errors.

III. DISCRIMINATIVE KDE

We pose the online discriminative learning as a task to
estimate from a stream of data a set of K discriminative
classes, each class c; described by a Gaussian mixture model
p(x|c;) and a prior probability p(c;). In principle, we could
use the oKDE to construct each of these classes, but, due to
its reconstructive nature, the produced models will be likely
redundant for classification. Indeed, we require the models
to contain just so much of the information to prevent a
degraded classification. Recall that the oKDE simplifies the
models under a certain cost function which measures the
reconstruction error induced by compression [8]. This means
that by redefining this cost function to rather take into account
the classification error, the compression step in the oKDE will
lead to models that reduce their complexity while retaining
their discriminative power.

Assume that we want to compress the c¢;-th class mixture
model p(x|c;) into pemp(c;|x), while minimizing the induced
classification errors. First we have to rewrite this model into
a classification model. We consider the class ¢; as a positive
example class CT, described by a mixture model p(C™*|x) =
p(c;|x). Then we collect all the other classes to form a single
negative example class C~, p(C~|x) = >\, p(c;|x). The
posterior over the resulting two-class model is then defined as

P(CPx) = dc+ (C)p(CT[x) + dc- (C)p(C™ %), (@)

where ¢~ (C') is a Dirac function centered at C*. The com-
pressed counterpart of the posterior (2), is obtained by setting
Pemp(CF[x) = pemp (c[x):

Pemp(C|X) = 0+ (C)pemp(CTIx) + dc- (C)p(C~[x). (3)

From the classification point of view we can say that p(x|c;)
can be compressed into pemp(x|c;) as long as the distance
between the corresponding posteriors p(C|x) and pemp (Cx),
does not change significantly. We therefore require a distance
measure between the posterior before and after compression.

A. Distance between two classifiers

We define the distance between the posterior p(C|x) and
its compression pemp(Cx), given some value of x, using the
Hellinger distance [10],

1 1 1
D¥(p.penpl3025 | (O30 = pny(Ce)

% 3

celc+,c]

(P(C1X)? = pamp(CIX)2)2. (@)

Integrating (4) over the relevant feature space x gives the
expected Hellinger distance

DQ(pvpcmp) = /DZ(papcmp|X)pO(X)dx7 (5)

where the expectation is calculated over the distribution
po(x) = p(x|CT)p(CT) + p(x|C~)p(C~), with the priors
P(C*) = p(c;) and P(CT) = 3.\, p(cj). In our case,
po(x) can be written in the form of a Gaussian mixture model
po(x) = Zf\il w;¢s, (x — x;) and (5) becomes

M
éQ(pvpcrnp) = Z w; / DQ(papCmp|X)¢Z,; (X - Xi)dx- 6)
i=1

Note that while D(-,-|x) is a metric, constrained to the
interval [0, 1], it is a nonlinear function of x, and the integrals
in (6) cannot be evaluated analytically. However, they can
be numerically approximated using the unscented transform,
which has been proposed by [11] for calculating nonlinear
transformations of Gaussian variables. Similarly to a Monte
Carlo integration, the unscented transform relies on evaluating
integrals using carefully placed points, called the sigma points,
over the support of the integral. Therefore, (6) is approximated
as

M 2d+1
D*(p, pemp) = D_wi Yy D*(p, pemp|VX)IW;, - (7)
i=1 j=0

where {(j)Xi,(j)Wi}FO;d are the weighted sets of sigma
points corresponding to the i-th Gaussian ¢x,(x — x;), and
are defined as

K

Ox = x, : O — 8
(3 X'L 9 K 1+[€ ( )
(J)XZ = Xi+5j\/].+li(\/d2i)j 3
ow, - & o1 s g=d
Wi 21+ k)’ % { -1 ; otherwise

with £ = max([0,m — d]), and (/%;); is the j-th column
of the matrix square root of 3;. Specifically, let UDUT be a
singular value decomposition of covariance matrix 3, such
that U = {Uy,...,Uy} and D = diag{\1,...,Aq}, then
(VE)k = V/ArUg. In line with the discussion on the properties
of the unscented transform in [11], we set the parameter m to
m = 3.



B. The online discriminative KDE

The distance function D(p, pemp) from Section III-A penal-
izes any change of the classification posterior which is induced
through the compression of the mixture models. Small values,
ie., ﬁ(p,pcmp) ~ (0, mean that the classification does not
change, while D(p, Pemp) = 1 implies a complete change. In
an online operation, we can therefore simply adapt the oKDE
(Section II) to build and compress a mixture model for each
class separately from the observed data. To penalize the loss of
discrimination during the compression, we can use the distance
measure ﬁ(p, Pemp) as the compression cost function. We
arrive at an online discriminative KDE (odKDE). In practice,
we let the odKDE compress the model until the cost function
exceeds some (small) threshold ﬁth.

During learning, at time-step ¢ — 1, we have a set of
K models {p;—1(x|ci),pt—1(c;) }i=1.x. For simplicity as-
sume that at time-step ¢, K new observations {z;};—1.x,
one per each class', arrive and the models are updated into
{ps(x]c;), pe(ci) bim1:x- A single time-step iteration of the
approach is outlined in Algorithm 1. In the classification phase
a new observation z is classified into a class ¢ by applying the
Bayesian rule

¢ = argmax p(z|c;)p(c;). )

Ci

Algorithm 1 : The online discriminative KDE
Input:
{pt—l(x‘ci)apt—l(ci)}izlzK ... the input models.
{z;}i=1.x ... observations (one per each class)
Output:
{pt(x]¢;), pe(ci) }i=1.x - .. the output models.
Procedure:
I: fori=1: K do
2:  Update p;_1(x|c;) with z; into p;(x|c;) using the
original update step of oKDE (Section II).
Update the prior p;(c;).
end for
cfort=1:K do
Construct the two-class classification model (2) by
treating pr(x|c;) as a positive example and the rest K —1
models as the negative example.
Compress p;(x|c;) into p;(x|c;) by hierarchical merg-
ing components such that D(j;, p;) < Dy
8: end for

A

>

IV. EXPERIMENTS

We have compared the classification performance of the
odKDE with the online reconstructive KDE, oKDE [8], and
three state-of-the-art batch KDEs: the cross-validation (CV)
KDE [12], the reduced-set density estimator [13] (RSDE)
initialized by the CV, and the Hall’s KDE [14] (Hall). For the

IThis restriction serves only for clarity of the presentation. Note that, in
general, our approach can also handle cases in which observations come only
from a subset of classes at a time.

baseline classification, we have applied a multiclass support
vector machine (SVM) with an RBF kernel [15]. The methods
were compared on a set of public classification problems [16]
(Table I). In all experiments, the distance parameter in the
odKDE was set to ﬁth = 0.005.

The odKDE and oKDE were initialized for each class using
the first 10 samples and the rest were added one at a time;
this experiment was repeated via four-fold cross validation
and for three random data orderings. This amounted to twelve
repetitions per dataset. The parameter for the SVM kernel was
determined separately in each experiment via cross validation
on the training dataset. Table I shows the classification score
and the number of components in the models after observing
all the samples, while Fig. 1 shows the evolution of the results
with respect to (w.r.t.) the number of observations for the
oKDE and the doKDE. For reference, the graphs also show
results for the batch methods after observing all the samples.
From the results in Table I we see that the odKDE generated
models with comparable classification performance as the
oKDE, but generally with a significantly lower complexity.
We can verify that this was also true during the online
estmation from Fig. 1. Although the odKDE was learnt only
by observing a single example at a time, the resulting models
exhibit classification performance similar to the best batch
KDE approaches and the SVM, who optimized their structure
having access to all the data. By further inspection of the
results we can also observe a general trend that the number
of components initially significantly increases in doKDE (as
well as in oKDE), but then stabilizes for larger number of
samples, while the recognition score further improves. For
example, in the case of the Letfer dataset, the bound on
the complexity is reached relatively early on after observing
200 samples per class (i.e., after 5200th sample), while the
classification performance further increased through the model
refinement. This makes the odKDE a very appropriate tool
for online operation since it produces compressed models
with good classification performance, while at the same time
maintains sufficient reconstructive information to allow online
refinements of the models from new observations.

V. CONCLUSION

We have proposed an approach for online estimation of
discriminative models by adapting the framework of online
Kernel Density Estimation. We have defined a distance mea-
sure which measures the discrimination of models and used
this measure in the oKDE as a cost function for compres-
sion. Results demonstrate that the proposed odKDE produces
comparable classification performance to the state-of-the-art,
and produces models of significantly lower complexity while
allowing online adaptation. This makes the approach ideal for
online estimation of classifiers from streaming data. In our
future work we will study how different distance measures
and data orderings influence the performance of the proposed
method as well as test how the method handles noise in labels.



TABLE I
AVERAGE CLASSIFICATION RESULTS ALONG WITH & ONE STANDARD DEVIATION. THE NUMBER OF SAMPLES IN EACH DATASET, THE DIMENSIONALITY
AND THE NUMBER OF CLASSES ARE DENOTED BY Ng, Np AND N¢, RESPECTIVELY.

Recognition accuracy[%)] (Number of components per class)

dataset Ng Np N¢ odKDE oKDE CV RSDE Hall SVM
Iris 150 4 3 97+4%(6.3+1) 97£3%(3110) 96£3%(38+0) 96£2%(10£5) 97£4%(38+0) 96£3%(16+1)
Pima 768 8 2 T1£3%(108+£6)  70+1%(162£3)  724+2%(288+0)  65+3%(48+10)  67+£2%(288+0)  78+£3%(160+4)

Wine 178 13 3 97£2%(2.5+1) 9942%(45+0)
Letter 20000 16 26 94+0%(16+1)  95+0%(222+2)

Score

Fig.

92+4%(4540) 944-4%(44=+0) 99+2%(45+0) 984+2%(22+4)
96+0%(613+0)  55£0%(25+£0)  95+£0%(613+0) 96+£0%(3224-0)

Iris Pima Wine Letter
) P R 1
= S S et TR TR T
0.8
oKDE o ©
dKDE ] 3
0.6 - - CV @ |
— - —RSDE
oaf  |e-ee- Hall 0.4 0.4 0.4f
SVM
0.2 02 02 0.2
40 60 80 100 100 200 300 400 500 40 60 80 100 120 5000 10000 15000
obs Nobs Nobs Nobs

40 60 80 100 120 5000 10000 15000

obs obs

1. Upper row shows the classification results (Score) and the lower shows the number of components per class (Nemp) W.r.t. the number of samples
(Nobs)- The results for the oKDE and odKDE are depicted by darker (red) line and bright (green) line, respectively along with one standard deviation bars.
For reference, we also show results for the batch methods after observing all samples.
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Abstract—For a developmental robotic system to function
successfully in the real world, it is important that it be
able to form its own internal representations of affordance
classes based on observable regularities in sensory data. Usually
successful classifiers are built using labeled training data, but
it is not always realistic to assume that labels are available in
a developmental robotics setting. There does, however, exist an
advantage in this setting that can help circumvent the absence of
labels: co-occurrence of correlated data across separate sensory
modalities over time. The main contribution of this paper is an
online classifier training algorithm based on Kohonen’s learning
vector quantization (LVQ) that, by taking advantage of this co-
occurrence information, does not require labels during training,
either dynamically generated or otherwise. We evaluate the
algorithm in experiments involving a robotic arm that interacts
with various household objects on a table surface where camera
systems extract features for two separate visual modalities. It
is shown to improve its ability to classify the affordances of
novel objects over time, coming close to the performance of
equivalent fully-supervised algorithms.

I. INTRODUCTION

The term affordance, introduced by Gibson [1], is used
to characterise the action possibilities that an environment
offers an agent acting within that environment. In this
paper we address the issue of object affordance learning
in a developmental robotic system by developing a self-
supervised classifier that operates across two different sen-
sory modalities mediated by object interactions. The main
idea behind this is illustrated in Fig. 1 and Fig. 2(a). In our
scenario, a robotic arm is mounted on a table surface while
camera systems observe the scene. Objects are placed in the
workspace where the arm is allowed to interact with them
using pushing actions. Object features (e.g. shape features)
derived from image data taken prior to arm-object interaction
provide data for the first sensory modality, hereby referred
to as the input modality. After an action has been initiated
on an object, video footage is recorded of the object in
motion and effect features are extracted from the video
footage, forming the basis of the output modality. Often
when different sensory modalities (or stimulus modalities)
are discussed in the literature, they tend to be modalities
from different sensory systems, e.g. auditory and visual.
Here, instead, we consider two different sensory modalities

This research has been supported by: EU FP6 project VISIONTRAIN
(MRTN-CT-2004-005439), EU FP7 project CogX (ICT-215181), and Re-
search program P2-0214 Computer Vision (Republic of Slovenia).
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Fig. 1. The main idea of our affordance learning framework.

from the same sensory system (visual) dealing with shape
and motion respectively. Though there is a temporal delay
when gathering data from each modality during an interactive
episode, for the purposes of our discussion here we consider
such data in each modality to be co-occurrences. Given a
series of interactive episodes, the learning task is to find
clusters in the output modality feature space that may be
identified as affordance classes, and use them to train a
classifier in the input modality space. Thus, when the system
encounters novel objects, it can predict their affordance
classes by observing their respective object features.

The main contribution of our algorithm is that it removes
the need for class labels of any kind during the training
stage by introducing a probabilistic heuristic based on the
co-occurrence information. When designing the algorithm,
we were subscribing to an online learning paradigm suitable
for developmental robotic systems. Requirements for such
an algorithm include: 1) No, or limited, access to previously
viewed training samples. 2) An incremental training mech-
anism. 3) Fixed, or limited, memory requirements. To meet
these criteria, we use a cross-modal neural network, as in
Fig. 2(b) consisting of two layers of codebook vectors fully
connected via a Hebbian weight mapping. The codebook
vector layers are of a fixed size, thus meeting the third online
learning criterion. The learning algorithm that we present,
through the use of Kohonen’s self-organizing map (SOM) [2]
method, as well as a variation of Kohonen’s learning vector
quantization (LVQ) [2], does not require access to previously
viewed training samples and can be trained incrementally,
thus satisfying the first and second criteria.
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Fig. 2. (a) Experimental setup. (b) Our cross-modal neural network.
Two SOM networks operating in separate modalities, fully connected via a
weighted Hebbian mapping.

Perhaps the most closely related work in the literature with
respect to affordance learning to our work is by Fitzpatrick
et al. [3], [4]. The authors trained a humanoid robot to rec-
ognize “rolling” affordances of 4 household objects using a
fixed set of actions to poke the objects in different directions
as well as simple visual descriptors for object recognition.
There are two main differences between their method and
ours. Firstly, in [3], [4], the feature associated with the rolling
direction affordance was pre-determined, whereas in our
system, the learning algorithm is provided with a number of
different output features and it must determine for itself the
affordance classes within that feature space. Secondly, their
system used object recognition to identify the affordances
of individual objects, whereas our system determines the
affordance class of objects (grounded in output modality
features) based, not on their individual identity, but on a
broad set of input features (e.g. shape). In [5], the authors
used a humanoid robot to push objects on a table and used
a Bayesian network to form associations between actions,
objects and effects. Though quite similar to our approach,
their learning method may not be as amenable to full online
learning, as they have to gather a certain amount of data
initially to form categories within the various modalities
before the network can be trained.

Saxena ef al. [6], [7] used the same robotic arm used in
our work (see Sec. III-A) to attempt to grasp novel objects
based on a probabilistic model trained on synthetic images of
various other objects labeled with grasp points. What differs
in our work is that rather than training our learning algorithm
on synthetically generated object examples, we train on
interactions with real objects. Moreover, their two possible
affordances were specified in advance: graspable or non-
graspable, whereas our system generates its own affordance
classes through interaction with objects. In [8], the authors
describe a mobile robotic system equipped with a 3D laser
scanner that learns to perceive traversability affordances of
various objects, such as spheres, cylinders and boxes in a
room. The robot was provided with a set of seven possible
actions and used its range scanner to gather angle and
distance features aggregated over a grid-division of the range
image. It then learned mappings between environmental situ-
ations and the results of its actions by first selecting relevant
features from the full set, then using support vector machines
to classify the relevant features into affordance categories.

Though good results were acheived, the affordance categories
were, again, pre-defined: traversable or non-traversable.

With regard to our learning algorithm, one of the first ex-
amples of Hebbian-linked SOMs was provided in [9], where
they were used for developing an artificial neural network
model of the mental lexicon. The structure of the network
in [9] is identical to the one presented here: two SOMs fully
connected via weighted Hebbian mappings. Moreover, the
training scheme presented in [9] is the same as our phase
1 training (see Sec. II-B). However, this training scheme by
itself, is not optimized for classification purposes as we shall
see later in Sec. V, and the SOMSs do not influence each
other during training. de Sa et al. [10], [11] greatly improved
upon this by creating a cross-modal neural network where
two competitive learning maps in each modality influenced
each others’ training by learning to agree upon common class
labels for co-occurring data samples. Similarly to us, they
employed LVQ to train the maps in each modality based on
the class information. One drawback, however, is that the
class labels have to be determined a priori and maintained
throughout the training process. A SOM with a Hebbian
learning mechanism called a Growing When Required (GWR)
network was used in [12] to aid a simulated mobile robot in
learning affordances of objects with survival values such as
nutrition and stamina so that it could prosper over time in its
environment. The SOM was used to cluster visual sensor data
in the input space where nodes were assigned weights based
on the success or failure of actions. While our method also
uses SOM training, in our case it is used on both the output
data, where the nodes are meta-clustered to form affordance
classes, and the input data, where at a certain point it is
swapped for a variation of LVQ which is better suited for
classification optimization.

II. THE LEARNING ALGORITHM

A classifier could be constructed in either of these modal-
ities by attaching class labels to the training data and
employing a supervised learning algorithm, but this is hardly
ideal for an autonomous cognitive system like a robot since
it assumes the existence of an external tutor who is willing to
label the data. However, once we have noted that in this type
of learning scenario correlated training data co-occur in each
modality, this opens up some alternative possibilities. For
example, k-means clustering or density estimation might be
possible in the joint feature space, however, as was discussed
in [11], these are not ideal solutions. The problem with
simple k-means clustering or competitive learning in the
joint space is that all feature dimensions would be required
for the classification of test samples; these methods would
not be able to marginalize over the missing dimensions
when trying to predict the outcome of one modality from
another. Density modeling would account for this problem,
but requires fitting many parameters which would become
infeasible in high dimensions. Moreover, neither approach
complies naturally to our online learning criteria. Thus, per-
haps a better approach would be to use the natural structure
of the data in one modality, as well as the co-occurrence



information, to train a supervised classifier in the other
modality. This could be accomplished, for example, by using
an unsupervised clustering algorithm like k-means to derive
clusters in one modality which could be used as class labels
to train a supervised classifier in the other ([11] provides a
similar approach). However, it is computationally expensive
to cluster at every training step in an online algorithm.
One alternative, that of clustering early and maintaining the
clusters over time, could potentially introduce inaccuracies
as training progresses if the sample distribution changes
significantly. In the following we describe a cross-modal
neural network and a two-phased training scheme that aims
to address these issues.

A. Cross-modal Neural Network

The structure of our cross-modal neural network is illus-
trated in Fig. 3 (a). Two codebook vector layers, one in
the input modality and one in the output modality, are fully
connected to each other via a weighted Hebbian mapping.
The idea is that the codebook vector layers are trained
to form a representation of the information contained in
their respective modalities, while the Hebbian mapping is
trained on the basis of the co-occurrence of data across these
modalities.

Learning proceeds in two phases. In the first phase of train-
ing, as training samples for each modality are concurrently
presented to the network, the codebook vector layers are
trained separately using the usual SOM algorithm (described
below). While training is ongoing, the Hebbian links that
connect the best-matching unit nodes in each of the codebook
vector layers are then updated appropriately based on co-
occurence. Though SOM training is good for producing low-
dimensional represenations of data distributions, it is not the
best solution for optimizing decision borders, thus we em-
ploy a second phase of training that exploits the co-occurence
information captured by the Hebbian mapping between the
codebook vector layers. In the second phase, the codebook
vector layer in the output modality continues to be trained
in the usual way, as does the Hebbian mapping, while the
codebook vector layer in the input modality is trained using
our variation of LVQ. Rather than using class labels, the LVQ
training rules are selected using a Hellinger distance-based
heuristic that exploits the cross-modal Hebbian mapping to
indicate whether a given codebook vector is of the “correct”
or “incorrect” class for a given training sample.

A classifier can then be formed after training by perform-
ing unsupervised meta-clustering over the output modality
nodes in order to form class labels, although it should be
emphasised that these class labels are not required during
training. It should also be noted that the algorithm, in largely
unmodified form, could also perform regression, though
results for this are not presented in this paper. The training
and classification processes are described in more detail in
the following sections.
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Fig. 3. Training and classification. In each figure, the bottom layer is the
input modality codebook & the top layer is the output modality codebook.
Arrows indicate node movement during training. (a) Phase 1 training: regular
SOM training performed in each modality while Hebbian links are also
updated. (b) Phase 2 training: Hellinger distance heuristic indicates correct
training sample classification based on activation distributions. Input best-
matching unit node (BMU) is moved towards the training sample. (c) Phase
2 training: heuristic indicates incorrect sample classification because the
activation distributions differ significantly. Input BMU is moved away from
the training sample. (d) Classfication: output nodes are meta-clustered and
the cluster with the strongest weighted connections to the input BMU wins.

B. Training: Phase 1

The following two sub-sections describe how both the
individual modality networks and the Hebbian mapping that



connects them are trained in the first phase of training. Phase
1 training is illustrated in Fig. 3 (a).

1) Modality Codebook Vector Layers: In the first phase,
network training in each modality proceeds in accordance
with Kohonen’s original SOM formulation [2] which we
summarise here. The nodes of the network layers of each
modality contain codebook vectors m; = [my1,..., M4,
where d is the dimensionality of the modality feature vectors,
that are randomly initialized before training begins. At each
training step, a data vector X = [z1,..., 4] is is measured
against each codebook vector using the Euclidean distance
metric, as follows:

[ — my|?

ij —mi;)?, e

where w; is an element of welght vector w = [wy, ..., wq)
which is used for a feature selection algorithm in the second
phase of training, described in Sec. II-C. The node that
is closest to the input data vector based on this metric is
called the best matching unit (BMU) and both it and its
neighbouring nodes are updated using the following update
rule

o my(t) + asom(?) [(x(t) —my(t)] if i € N,
m;(t+1) = { m;(t) otherwise,
)

operating over all ¢ € [1,n], where asom(t) is the learning
rate at time ¢ and N, is the neighbourhood around the BMU
c.

2) Cross-modal Hebbian Mapping: The following Heb-
bian weight training procedure is taken from Miikulainen
[9]. In order to train the Hebbian mapping, we require a
measurement of the activation of a given modality layer node
a;, formulated as follows:

1 — x(@)=mi(®)]|~dnin
a; (t) = { 0 dimax — dmin

where dyi, is the smallest and d,x the largest distance of
x(t) to a unit in the neighbourhood.

During training, the link weight changes are made propor-
tional to the product of the activation of the two nodes in
each modality that are being associated, as follows:

Ahy(t) = aues(t)ar(t)a(t), 4)

where Ahy,; is the unidirectional associative weight leading
from node k in the input modality layer to node [ in the
output modality layer, aygg(t) is the Hebbian learning rate,
and ax(t) and a;(t) are the activations on the two nodes
at time ¢. Each link weight hy; is then updated using the
following normalization equation:

hit(t) + Ahg ()
S lhaa(0) + A0

The Hebbian mapping, when trained as above, provides
a type of memory of previous training experience in terms
of modality co-occurrences, or of what one modality “looks
like” from the perspective of the other. As we shall see,

if i € Ng,
otherwise,

A3)

hr(t+ 1) &)

this information can be effectively employed to augment
classifier training.

C. Training: Phase 2

After Phase 1 training has proceeded for a reasonable
amount of time, i.e., long enough to provide a robust
Hebbian mapping, Phase 2 training may be initiated. In the
algorithm presented in this paper, the network layer in the
output modality continues to be trained with the usual SOM
algorithm in Phase 2. The network layer in the input modality
however, switches to a modified version of learning vector
quantization (LVQ) [2] training that employs a probabilistic
heuristic. In order to develop this heuristic, we require the
Hellinger distance metric which we discuss next. Phase 2
training is illustrated in Figs. 3 (b) and 3 (¢).

1) Hellinger Distance Heuristic: Using the definition
from [13], for a countable state space §2, given probability
measures j and v,

drr(p,v) = [Z (Vi) - W)Q] L ®

weN

We use the Hellinger distance metric as defined above to
create a heuristic that allows us to measure the similarity
between nodes in the input modality layer and the output
modality layer with respect to the Hebbian mapping. The
Hellinger distance takes values in the bounded interval
[0,/2], making it amenable to statistical analysis, e.g. cal-
culating mean distance. Given input modality node k, we
define

fr(t) = {h(t) : VI in the output modality layer}, (7)

or all the Hebbian link weights that connect node k in the
input modality layer to the nodes in the output modality layer
at time t. We define

g(t) = {a;(t) : VI in the output modality layer},  (8)

or all the node activations in the output modality layer at
time ¢.

fir can be thought of as a distribution of the Hebbian map
activity from node k in the input layer projected onto the
output layer. Loosely put, this gives us a picture of what
the output map looks like from the perspective of node k
in the input map based on previous training experience. g,
on the other hand, gives us a distribution of the output map
activity with respect to the current training sample. Thus,
when given a training sample for the input modality, if we
employ the metric dg (f(t), g(t)), we can get an impression
of how well its best matching unit node in the input modality
layer predicts the activity of the output modality layer given
its co-occurring training sample. This heuristic can of course
be used in the opposite direction, from the output modality
layer to the input modality layer, but for the algorithm we
present in this paper it is employed strictly in the above way
to augment the training of the input modality layer. Now
that we have the necessary tools in place, we may proceed
to present our modified LVQ algorithm.



Fig. 4. Examples of image and range data taken with the stereo camera for two different types of objects: a book which slides when pushed by the robotic
arm, and a Pepsi can which rolls when pushed by the arm. From left to right: intensity image, range data of the scene, segmented object, segmented object

range data, object range data with a fitted quadric surface.

2) Learning Vector Quantization Without Class Labels:
In traditional LVQ training [2], codebook vectors are given
fixed class labels a priori. Subsequently, as training sam-
ples are presented with accompanying class labels, the best
matching codebook vectors are updated according to a set
of rules. If the best matching codebook vector class label
matches that of the training sample, the codebook vector is
moved towards the sample. If the labels do not match, the
codebook vector is moved away from the sample.

In the modified form of LVQ we present here, which is the
main contribution of this paper, we refrain from labeling the
codebook vectors altogether. Codebook vectors are updated
based on the heuristic presented in the previous section.
Given the best matching node c in the input modality layer
for a given input modality training sample x, we apply the
following update rule:

me(t) + (1 - y)awvoe [x(t) — me(t)]

if di(fo(t),g(1) < €
m.(t+1)=

m.(t) + (7 — Darvge [x(t) — me (1)

otherwise,

©))

where, assuming dg (f.(t), g(t)) is normalised, € is usually
set to its mean value over all ¢, and + is set to either O or
2d g (f.(t), g(t)) if the rule is to be applied in either a binary
or fuzzy fashion respectively.

In more simple terms, the effect of applying the above
rule is that, when the output modality appears to have the
same activity distribution as predicted by the best matching
node in the input modality based on past experience, the best
matching node in the input modality is moved closer to the
training sample. Conversely, if the output modality appears to
have a significantly different activity distribution, it is moved
away from the training sample. These two alternative cases
are visualised in Figs. 3 (b) and 3 (c).

Note that the above also incorporates optimized-learning-
rate learning vector quantization (OLVQ), where separate
arvq. are stored and updated for each node. See [2] for
more details.

3) Feature Selection: As alluded to in Sec. II-B.1, we
also employ a feature selection method to boost classifier
training. We use the relevance determination learning vector
quantization (RLVQ) algorithm from [14] to do this. Given
the best matching node ¢ in the input modality layer for a
given input modality training sample = at time-step ¢, we
perform the following operation on the w; from (1). For
each feature dimension j:

max {w; (t) — ar(t)x(t) — me(t)], 0}
if du(fe(t),9(1)) <e
w;(t) + ar(t)x(t) — me(t)]
otherwise.
(10)
We then normalise, as follows: for all j, w; := w;/|w]|.

D. Classification

After training, a classifier may be formed from the network
by performing unsupervised meta-clustering over the nodes
of the output modality codebook layer. To this end, we used
k-means with automatic selection of k£ based on votes from
the following validity indices: Davies-Bouldin [15], Calinski-
Harabasz [16], Dunn [15], Krzanowski-Lai [16] and the
silhouette index [16], [15]. These clusters define the output
modality categories to be used for classification purposes.
Given an input modality test sample to be classified, the
best matching node in the input modality layer is found and
its Hebbian weight links are mapped to the output modality
layer. The weights for the links connecting to each cluster
are summed, and the cluster with the highest score is deemed
to be the winning class for that input test sample.

III. SYSTEM ARCHITECTURE & SETUP
A. Robotic Arm

In our system, we use a Neuronics Katana 6M robotic
arm which features 5 DC motors for main arm movement,
as well as a 6th motor to power a 2 fingered gripper that
houses both infrared and haptic sensors (note: these sensors
are not used in the experiment presented here). The base of



Fig. 5.

An example of the object tracking mechanism described in Sec. IV-B using the images in the first row show a progression of frames tracking

a Sprite can being pushed by the arm. The outer rectangle is a likelihood window around the object obtained using the particle filter tracker. The inner
rectangle is the result of using histogram back-projection within that window to localise the object. The second row of close-up images shows how the
appearance of the object within the inner rectangle changes during the course of object motion.

the arm is mounted on a flat table with a wooden laminate
surface, and the arm is allowed to move freely in the area
above the table surface, avoiding collisions with the table
through the use of specialized control software. The arm
control software that was used for this work is a modified
version of Golem !, control software for the Katana arm.
Given desirable parameters, Golem uses forward kinematics
to generate arm joint orientations and motion paths, then
uses cost functions and searches to select the ones that most
closely fit the parameters. In order to ensure that the actions,
and by extension the object affordances, that are available
to the system are as consistent and learnable as possible, we
optimized for a linear end-effector motion trajectory when
moving between workspace positions.

B. Camera Systems

2 Point Gray Research cameras- the Flea monocular
camera (640x480 @ 60FPS or 1024x768 @ 30FPS) and the
Bumblebee 2 grayscale stereo camera (640x480 at 48FPS or
1024x768 at 20FPS) were used to gather intensity images,
range data and video for the experiment listed in Sec. V.

IV. VISUAL FEATURE EXTRACTION
A. Input Modality Feature Extraction

With regard to the input modality features, for the purposes
of this particular affordance learning scenario, we are mostly
interested in extracting features that describe the global shape
of an object as they are likely to be most relevant for
determining how the object will behave. However, in theory,
any types of features that describe properties of the objects
under consideration could be used here.

1) Range Data: We have developed a method for seg-
menting the object from range images that uses RANSAC
(RANdom SAmple Consensus) [17] to fit a plane to the
table surface for removal, then mean-shift clustering [18]
as well as a graph-cut segmentation in the corresponding

!Golem was developed by researchers at the University of Birmingham
who kindly provided us with a copy for our research. More information can
be found at: http://www.cs.bham.ac.uk/"msk/ .

intensity image to isolate the object range data with minimal
noise. The graph-cut segmentation method we used was from
[19], which uses the min-cut/max-flow algorithms oulined in
[20], [21], [22] to apply the standard graph cut technique to
segmenting multimodal tensor valued images. A quadratic
surface may then be fitted to the object range data to derive
curvature features from the object surface. We derive 2
curvature features in this way from the coefficients of the
polynomial of the fitted quadratic surface that provide a good
description of the global curvature of the object. This surface
fitting technique is illustrated on the two objects shown in
Fig. 4.

2) Image Data: The segmentation technique produces
reasonably good intensity image segmentations of objects.
These are then used to calculate the following 10 shape
features: area, convex area, eccentricity, equivalent cicular
diameter, Euler number, extent, filled area, and the major
axis length.

B. Output Modality Feature Extraction

After an arm action has been performed on an object, the
resulting videos of the interaction are processed for output
modality features. This is primarily acheived by tracking the
object in motion using a probabilistic tracker from [23].
This tracker is in essence a colour-based particle filter,
which also makes use of background subtraction using a pre-
learned background image. Background subtraction by itself
is insufficient to localise the object in our experimental setup
due to changes in lighting and the motion of the arm, but
it is helpful in reducing ambiguities for the tracker. Object
shapes are approximated by elliptical regions, while their
colour is encoded using colour histograms. The dynamics
of objects are modeled using a dynamic model from [24],
which allows for tracking with a smaller number of particles,
and consequently, near real-time tracking performance.

1) Global Object Motion Features: The following 9 fea-
tures are calculated from the particle filter tracker output
data: total distance traveled in z-axis, total distance traveled
in y-axis, total Euclidean distance traveled, mean velocity in



x-axis, mean velocity in y-axis, velocity variance in x-axis,
velocity variance in y-axis, final = position, final y position.
2) Object Appearance Changes: To estimate how the
appearance of the objects change during motion, we chose
to calculate the average difference of both colour and edge
histograms between video frames of the objects, the aim
being to detect both motion blur and the texture changes
characteristic of many rotating objects. This required an
extension to the particle filter tracker previously described.
The tracker by itself is sufficient for tracking the motion of
objects, but it is slightly inaccurate at times. For example, if
an object is rolling and stops suddenly, the tracker sometimes
briefly overshoots the object before returning to it a few
frames later. To avoid this, we use the output of the tracker
to define a broad window around the object in the video
frames, before using colour histogram back-projection [25]
to localise the object within the window. Histogram differ-
ence averages are then calculated from the start of object
motion until the end. See Fig. 5 for sample frames from
an interaction with an object that illustrates this technique
at work. We derive 3 output modality features from this
procedure: average colour histogram difference, average edge
histogram difference, and the product of these two values.

V. EXPERIMENTS

To test our affordance learning system, the experimental
environment was set up as previously described and as shown
in Fig. 2(a). During experiments, objects were placed at a
fixed starting position prior to interaction. Two cameras were
used to provide both sufficiently detailed close-up range data
of the object surfaces and a sufficiently wide field of view to
capture object motion over the entire work area. To achieve
this, the stereo camera was positioned above the object start
position, while the monocular camera was positioned at a
higher position in front of the workspace.

We selected 8 household objects to be used in the ex-
periments: 4 flat-surfaced objects; a book, a CD box, a box
of tea and a drink carton, and 4 curved-surfaced objects;
a box of cleaning wipes, a Pepsi can, a Sprite can and a
tennis ball box. Each of these objects was placed centred
at the start position with a consistent orientation, and the
robotic arm pushed the object at a fixed speed using a fixed
pushing action. During trials, the curved objects would tend
to roll after being pushed, whereas the flat objects would stop
suddenly after the push. Before an action was performed on
an object, both intensity and range images were gathered
from the stereo camera. This data was then processed to
produce the 12 input modality features discussed in Sec. I'V-
A. After an action was performed on an object, images were
gathered and passed to the tracking system described in Sec.
IV-B to produce 12 output modality features.

To evaluate the algorithm, we first collected a dataset as
follows. 20 object push tests were carried out for each of
the 8 objects listed previously and the resulting data was
processed, leaving 160 data samples. The samples were then
hand-labeled with two ground truth labels: rolling and non-
rolling. In the following evaluations, leave-one-out cross

validation was performed by splitting the dataset into a
training set of 140 samples consisting of all data for 7 of
the objects and a test set of 20 samples consisting of all
data for the remaining object. The classification task was
then to train on 7 objects, find the affordance classes in
the output modality and try to classify the remaining object
on that basis. In the experiments for this paper, the training
set was doubled and randomized, effectively allowing for 2
epochs of training over the training set, i.e. training over 280
samples. Cross validation was performed by using each of the
8 objects in turn as the test object and averaging classification
scores across all 8 subsequent training and test sets and the
20 test samples contained therein. Fig. 6 shows the results of
incrementally cross-validating 6 algorithms every 20 training
steps and averaging over 40 trials. In 4 of the algorithms,
each of the two codebook vector layers in the input and
output modalities contained 100 nodes arranged in a 10 x 10
hexagonal lattice with a sheet-shaped topology. In the other
2 algorithms, the codebook vector layers contained 5 nodes
arranged in a 1 x 5 linear topology.

The goal of the evaluation was to compare the performance
of our self-supervised algorithm to fully-supervised learning
using ground truth labels. In the case of the self-supervised
algorithms, classification of a test sample was deemed to
be correct if the output modality meta-cluster (c.f. Sec. II-
D) matched the ground truth (c.f. [26] for more details
on matching the meta-clusters to ground truth labels). Of
the 6 algorithms evaluated, 2 were variations on fully-
supervised LVQ1, OLVQ1 with 100 nodes and OLVQ1 with
5 nodes, while the remaining 4 were variations of self-
supervised cross-modal learning. Of the 4 variations of cross-
modal learning, one was cross-modal SOM training as in
[9] with 100 nodes and the other 3 were modifications of
our proposed heuristic-based LVQ algorithm: fuzzy heuristic
OLVQI1 with RLVQ feature selection (HeurORLVQ), binary
HeurORLVQ with 100 nodes, and binary HeurORLVQ with
5 nodes. For each of these, the initial asom learning rate in
each modality was set to 1 with a linear profile descending
to 0 over the 280 timesteps in the output modality and 140
timesteps in the input modality. The RLVQ ar learning rate
was set to a constant 0.1. Training shifted from Phase 1 to
Phase 2 halfway through the training set (140 timesteps), In
Phase 2, arvq was set to a constant 0.3. These learning rates
were selected both through trial and error, and as advised by
[2].

As can be seen in Fig. 6, the fully supervised algorithms
performed the best, as expected, with the 5-node OLVQ
reaching a correct classification rate of 97.11% by the end
of training, and the 100-node OLVQ reaching a score of
93.53%. Of the self-supervised cross-modal classifiers, 100-
node Fuzzy HeurORLVQ performed the best, reaching a cor-
rect classification rate of 91.64%, while 100-node HeurOR-
LVQ and 5-node HeurORLVQ reached rates of 90.16% and
86.67% respectively. The cross-modal SOM finished with
a score of 81.91%, thus justifying our two-phased learning
approach. Our algorithm works best when there are enough
nodes in the network to give a decent approximation of the
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Fig. 6. Incremental leave-one-out cross-validation evaluation averaged over
40 trials (c.f. Sec. V). The switch from Phase 1 training to Phase 2 training
(c.f. Sec. II) is indicated by the vertical dotted line.

sample density in the output modality, thus providing a more
accurate Hellinger distance heuristic. The results show that,
when evaluated with such a number of nodes, our algorithm
performs almost as well as fully-supervised OLVQI using the
same number of nodes. On the other hand, OLVQ1 works
best when the number of training steps is 30 to 50 times the
number of codebook vectors [2], i.e. for our small training
set size of 280 samples, the number of codebook vectors
should be low, e.g., 5. However, even when using such a
small number of nodes, in this 2-class learning scenario
our algorithm performed robustly, and still produced better
results than the 100-node cross-modal SOM.

VI. CONCLUSION

In conclusion, we have presented a robotic system that
uses a novel self-supervised cross-modal online classifier
training algorithm to learn basic object affordances. We have
shown that it can be successfully trained to learn affordances
of household objects by interacting with them, and subse-
quently predict the affordance classes of novel objects by
observing their object features, e.g. shape. The experimental
results also demonstrated how the system, through the use
of the proposed novel algorithm, can start learning with
little or no experience, and improve results over time to the
point where the classification rate is close to that of a fully-
supervised system. Although the results presented here only
account for one type of action, multiple classifiers may be
trained to account for different types of actions. We aim to
improve on this in future work by modifying the algorithm
such that actions may be parameterized, perhaps in a separate
modality. We would also like to test the algorithm on more
challenging problems where there are more than two classes
present in the training data.
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Abstract.

When operating in the real world, a robot needs to accurately pre-
dict the consequences of its own actions. This is important to guide
its own behavior, and in adapting it based on feedback from the
environment. The paper focuses on a specific problem in this con-
text, namely predicting affordances of simple geometrical objects
called polyflaps. A machine learning approach is presented for ac-
quiring models of object movement, resulting from a robot perform-
ing pushing actions on a polyflap. Long Short-Term Memory ma-
chines (LSTMs) are used to deal with the inherent spatiotemporal
nature of this problem. An LSTM is a gradient-based model of a Re-
current Neural Network, and can successively predict a sequence of
feature vectors. The paper discusses offline experiments to test the
ability of LSTMs to solve the prediction problem considered here.
Cross-validation methods are applied as a measure of convergence
performance. An active learning method based on Intelligent Adap-
tive Curiosity is also applied for improving the learning performance
of learners trained offline, generating a combination of learners spe-
cialized in different sensorimotor spaces after the knowledge trans-
fer.

1 Introduction

Robots need to learn in continuously changing environments. One
way to learn from the world is by interacting with objects present in
it. This work is inspired by the fact that humans and animals in gen-
eral are able to properly adapt to a dynamic environment. Theories
of cognitive development like the theory of affordances [S5] attempt
to explain how creatures are able to acquire sensorimotor skills when
they are faced with the different features found in the environment.
For instance, surfaces afford posture, locomotion, collision, manip-
ulation, and in general behaviour [5]. Particular objects can afford
sliding, flipping, rolling behaviour. A consequence of this is that the
creature should then properly predict the consequences of actions on
a surface given its own body configuration. We consider here a spe-
cial case of affordances learning in robots, namely that of predicting
consequences of pushing simple geometrical objects called polyflaps.
Polyflaps have been proposed to design simple learning scenarios. A
polyflap is a polygon (concave or convex) cut out of a flat sheet of
some material (e.g. cardboard) and folded once (anywhere) to pro-
duce a 3-D object [17], cf. Fig. 1. By combining different objects
and performing different actions, we can steadily increase the com-
plexity of the learning environment.

1 The research reported of in this paper is supported by EU FP7 IP ”CogX”
(ICT-215181)

Figure 1. Polyflaps,
http://www.cs.bham.ac.uk/~axs/polyflaps/. Used here are
polyflaps of the shape (bottom-right corner)

In this paper we discuss a learning scenario where a simulated
robotic arm interacts with a polyflap. In the implementation we use
the NVidia® PhysX™ library that allows us to perform realistic
physical simulations and to obtain 3-dimensional feature vectors, so
that we can easily re-adapt our algorithms to real scenarios. Although
providing an idealized scenario, these experiments are necessary to
establish a base line from which we can start facing noisy and in-
complete features, where learning machines should be able to gener-
alize and present outcomes in the presence of uncertainty. The learn-
ing machines we use are able to process spatio-temporal features.
Specifically, we use the Long Short-Term Memory (LSTM) [7, 6]
model of an Artificial Neural Network. The main objective is that
the robot arm pushes the object and predicts a sequence of polyflap
poses encoded as rigid body transformations during a certain time
interval following the pushing action. To reduce the space- and time
complexity of the problem, we select a discrete set of possible ac-
tions and starting positions for the arm to start the pushing move-
ment. This reduction of dimensionality affords us also to evaluate
and analyse more easily and carefully the learning algorithms and
its corresponding results. In general, sliding and flipping affordances
are obtained by applying pushing actions. The experiments show that
the machines are able to model a sort of regression function that fits
the data very accurate. This fact is also crucial from the point of view
of dimensionality reduction, since the use of a learning machine to-
gether with its generalization abilities can highly reduce the need



of storage space. Moreover, the inherent recurrent topology of these
networks affords the reduction of space needed for storing spatio-
temporal information.

The characteristics of these learning machines are appropriate for
autonomous development of robots [10, 14]. Robots should be able
to autonomously acquire sensorimotor skills by interaction with the
environment. Thus, machines that are able to learn in an online and
active manner need to be used. Neural Networks in general are useful
for these tasks, since their weights can be updated efficiently by us-
ing one forward and one backward pass when we use gradient-based
methods. However, one has to be careful with the problem of overfit-
ting data (bias-variance tradeoff). Therefore, a sufficiently big set of
samples and iterations are needed in order to generalize sufficiently
well a dataset.

We tested the topology of the neural network in order to find a
good compromise between computational complexity and general-
ization ability. For that purpose, we extracted n-fold crossvalidation
sets and analyzed the average sum of squares error for all training
epochs. The problem that we tackle can be regarded as a time series
prediction problem approached by regression techniques. Therefore,
the sum of squares error is a good performance estimation. The ex-
periments show that the machines are able to accurately predict a
feature vector, given a history of precedent feature vectors that to-
gether form a sequence. After offline training, we applied an active
learning technique based on the Intelligent Adaptive Curiosity algo-
rithm [10, 14], by including an additional set of actions in order to
test the autonomous generation of different regions in the sensorimo-
tor space that allows an active selection of samples via maximization
of a measure of learning progress and multiple learners specialized
in each region. We also show that the generalization is improved by
the set of machines (which are only “biased” for their corresponding
regions).

This paper is organized as follows. In the next section, we present
a current state of the art related to affordances learning in robots and
recurrent neural networks. In section 3, we describe the learning sce-
nario and the features we used for training LSTMs. In section 4 we
present the offline learning mechanism and architecture employed.
In section 5 we show and explain experimental results for offline ex-
periments with LSTMs. In section 6 we explain the active learning
mechanism and results and in section 8 we present some concluding
remarks and planned work.

2 Related Work

Affordances learning has been introduced in the field of robotics in
recent years. The reason is that aiming to autonomous behaviour
in robots requires an inspiration from biological cognitive systems,
which are very successful on acquiring sensorimotor skills by their
own means. As a cognitive science theory, the field was introduced
by the perceptual psychologist J.J. Gibson [5]. An affordance in this
sense is a resource or support that the environment offers an agent
for action, and that the agent can directly perceive and employ. From
the robotic perspective, this concept implies that the robots should be
able to predict consequences of actions given certain object features
and robotic embodiment.

In the field of robotics, a compilation of works related to
affordance-based robot control can be found in [15]. A similar ap-
proach to the one presented in this work is described in [12]. In that
work, labels of object/action pairs and 11 features encoding the ac-
tion performed and the object behaviour are used to train Self Orga-
nizing Maps. In this way, they cluster this space and map the features

to the target function represented by such labels. Pushing actions
were performed on different objects in a real environment. Other ap-
proaches have used also similar features and learning methods and
have studied different kinds of affordances [2].

Perception of affordances has also been addressed with reinforce-
ment learning techniques. In [11], the robot performs different learn-
ing stages starting from recognizing affordances and finally accom-
plishing some task given the affordances that the robot has already
acquired in earlier stages. In that work, liftable vs. non-liftable ob-
jects are recognized and Markov Decision Processes are used for the
goal-based task. In [10, 14] the robot autonomously enters differ-
ent stages of development by interacting with objects or performing
some action, which is selected according to a measure of “interest-
ingness”. Thus, robots are intrinsically motivated to perform actions
that offer an opportunity to learn according to an estimation of learn-
ing progress calculated from prediction error histories.

However, we can consider that these aproaches use a kind of short-
term memory or mapping approach that does not take into account
the spatio-temporal processing of data when an action is performed
in a given time interval. Moreover, in some approaches there is an
explicit labelling of the recognized affordances or the robot has no
means to evaluate the accuracy of its predictions. In order to evaluate
the abilities of learning machines in processing a series of features
like rigid body transformations that gives us a more accurate assess-
ment of the object poses and behaviour, we are using recurrent neural
networks that are known to process sequences and obtain proper gen-
eralizations by infering regression functions.

A simulated scenario using also polyflaps is described in [9]. The
authors formalise the learning problem in a probabilistic framework.
Explicit 3D rigid body transformations are predicted by that models
and they are tested against novel objects similar in shape to polyflaps.

Long Short-Term Memory machines have been used for problems
like time-series prediction, sequences classification, phoneme classi-
fication, reinforcement learning, among others [7, 6, 1]. They are ap-
propriate to handle long-term dependencies in data sequences. There-
fore, they seem to have a high potential to be used in learning tasks
where compositionality and conditional dependencies of events or
states is encountered through a relatively broad time period.

The work described in this paper is a follow-up of the one pre-
sented in [13].

3 Learning Scenario

Figure 2. Learning scenario with a polyflap

The learning scenario is shown in Fig. 2. The simulated arm cor-
responds to a Neuronics® Katana 6M™ arm with a ball as a simple



finger. In order to simulate a pushing action we apply a linear trajec-
tory over a specified time period until it reaches the desired pose. The
arm has 6 joints, including the last joint for the finger which is static.
The representation of object poses are in Euler angles with respect to
a reference frame which is the origin in the scene (6-D pose).

The features corresponding to the arm are a starting 6-D pose vec-
tor for the end-effector eg, and a real value denoting a direction angle
© ranging from 60 to 120 degrees, parallel to the ground plane in the
direction to the center of the standing polyflap side. Together, these
features form the motor command feature vector denoted as m. The
values are all normalized to obtain vectors with mean 0 and standard
deviation 1.0. A 6-D pose vector corresponding to the polyflap pose
is denoted as p; at time ¢. The pose po is fixed for all experiments.

Then, the concatenation f = [m ey po] represents the feature
vector to be fed initially to the neural network. The subsequent fea-
ture vectors fed to the machine have the form f; = [0 e; p:], where
the size of 0 is the size of m. This representation affords the learning
machine to attain a better convergence.

During the execution of the arm path, we obtain a series of poses
(p¢,et) to construct a feature vector f;. We extract then n polyflap
and effector poses and finally we build a sequence set S = {f/}.
So, a particular sequence set (an instance) is used in each iteration of
the experiment to be fed to the LSTM in n + 1 steps. For the time
step t, a training tuple (f;, t;) is used for the neural network learn-
ing procedure, where the feature vector f; represents the input vector
and t; = p¢41 the target (predicted) vector encoding the predicted
polyflap pose.

This representation then encodes the rigid body transformations
of polyflap and effector through these n steps and also encodes the
given robot control command that performs the pushing movement.
In order to discretize and reduce the dimensionality of the task, we
only used a discrete number of different starting positions for the arm
to start the pushing movement.

4 Offline Learning method

The learning process used for training LSTMs with the features de-
scribed in section 3 is described here. As mentioned in the previous
section, a dataset D containing a certain quantity of sequences S; is
obtained and we perform offline experiments with these data.

A LSTM machine is usually composed of an input layer, a hidden
layer and an output layer. In general, recurrent neural networks can
have recurrent connections for all their neurons. In particular, in this
work we only use recurrent connections for the hidden layers. We
also made preliminary experiments with networks with no recurrent
connections and we found less performance. The LSTM [7, 6, 1] ar-
chitecture was developed in order to solve some learning issues in
recurrent neural networks related to long-term dependencies learn-
ing. These problems sum up to the problem that errors propagated
back in time tend to either vanish or blow up. This is known as the
problem of vanishing gradients.

LSTM’s solution to this problem is to enforce constant error flow
in a number of specialized units, called Constant Error Carrousels
(CECs), corresponding to those CECs having linear activation func-
tions not decaying over time. CECs avoid to transmit useless infor-
mation from the time-series by adding other input gates that regulate
the access to the units. Thus, they learn to open and close access
to the CECs at appropriate moments. Likewise, the access from the
CEC:s to output units is controlled by multiplicative output gates and
they learn in a similar way how to open or close the access to the
output side. Additionally, forget gates [3] learn to reset the activation

of the CECs when the information stored in them is no longer use-
ful, i.e., when previous inputs need to be forgotten. The combination
of a CEC with its associated input, output and forget gate is called
a memory cell, as depicted in Fig. 3. Other additions are peephole
weights [4], which improve the LSTM’s ability to learn tasks that re-
quire precise timing and counting of internal states, and bidirectional
connections [16].

Net output

Forget gate Output gate

Net input Input gate

Figure 3. LSTM memory block with one cell. The internal state of the cell
is maintained with a recurrent connection of fixed weight 1.0. The three
gates collect activations from inside and outside the block, and control the
cell via multiplicative units (small circles). The input and output gates scale
the input and output of the cell while the forget gate scales the internal state.
The cell input and output activation functions (g and h) are applied at the
indicated places [6].

In this work, we used 10 memory blocks in the hidden layer, which
was found to be a good compromise between computational com-
plexity and convergence.

When some input vector is fed to the network, the forward pass is
calculated as follows. Let us denote an output neuron (unit) activation
y°, an input gate activation ™", and output gate activation 5" and a
forget gate activation y/. Then, for the time step ¢ each of them are
calculated in the following standard way:

y'(t) = fi(Z wizy’ (t - 1)), )

where w;; is the weight of the connection from unit j to unit 4, and
f the activation function. In this paper, we only consider one CEC
activation (one cell) for each memory block. The CEC activation s.
for the memory cell c is computed as follows:

selt) =y’ (t)se(t — 1) + yi“c(t)g(z weiy’ (t=1)), @)

where g is the cell input activation function. The memory cell output
is then calculated by

y*e () = y™e (h(se (1), 3)

where h is the cell output activation function. The backward pass is a
steepest (gradient) descent method which updates the weights of the
different types of units. Consider a network input a;(¢) to some unit
7 at time ¢. In general, the gradient is defined as:

oF

5;(t) = 50, (1)’

“



where E is the objective (error) function to be minimized and used
for training. For a detailed explanation of the backward pass equa-
tions for each unit type cf. [6]. Since we are dealing with a regres-
sion problem, we consider the sum of squares error as a performance
measure. The error function is defined as:

1 ,
Ev= o Z(yi — i), 5)

where K is a normalization factor which depends on the size of each
sequence n; and the total number of sequences in the dataset k. y; is
the output unit activation and ¥; is the expected value. The learning
process is described in the Algorithm 1.

Data: A dataset D; containing k sequences of variable size n;
for training. A dataset D2 containing z sequences of size
n; for testing.

Result: An LSTM machine after error minimization.

Nr. of epochs ep = 0.

repeat

for i=1to k do

for j=1 to n; do

Input: Present training tuple (f;;, t;;) (jth forward
pass step).

end

Calculate error e; associated to current training

sequence .S;.

Backward pass.

end

Evaluate error E; with the test set Ds.

Epochep=ep+ 1.

until No new network found with lowest error after 20 epochs ;
Algorithm 1: Offline learning process

For the purpose of calculating the number of training sequences
that are necessary so that convergence improves, we generated n-
fold cross-validation sets. We split a dataset D into n disjoint sets of
equal size that are used for testing. We used the remaining data for
training n different networks.

5 Experimental results for Offline Learning

In order to test the convergence of LSTMs we used 10-fold cross-
validation sets for three different dataset sizes, namely 100, 200 and
500. That allowed us to estimate the approximate number of samples
that are needed to learn with high precision the prediction task.

In Fig. 4 a comparison of the average sum of squares error (SSE)
and SSE standard deviation is shown. In this case, the SSE is aver-
aged among all the cross-validation sets. The picture shows that the
SSE is considerably reduced when more samples are used, as ex-
pected, and likewise the standard deviation of the SSEs.

6 Active Learning

The active learning procedure is based on the work of Oudeyer et
al. [10] about Intrinsic Motivation Systems. The general idea of
the Intelligent Adaptive Curiosity (IAC) algorithm is that a meta-
learning system samples a set of actions and selects one that maxi-
mizes the learning progress, which is a measure based on the differ-
ence between smoothed current and previous mean error quantities.
The learning progress L, is associated to a region R, in the senso-
rimotor space. Starting with one region, successive regions are ob-
tained by splitting the sensorimotor space depending on a measure
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Figure 4. SSEs are reduced when increasing the dataset size.

of variance in the dataset D, (exemplars used for Region R,). This
division is performed after |D,| achieves a certain threshold x. A
dataset D, for a Region R, is split in two datasets D1, Dy42 (for
regions R,4+1, Rr+2). Let us denote

D, ={S:}

the set of instances in region R... Then the split of D, defined by the
index ¢ with value v, is performed when the following criterion (I")
is met:

e all the instances .S; of D, have the cth component of their motor
command vector m; smaller than v..

e all the instances .S; of D, 42 have the cth component of their motor
command vector m; greater than v..

e the quantity [Dri1| - o({[ei; Pijlji; € Dry1}) + [Dryal -
o({[eij Pij]j=; € Dry2}) is minimal, where

>
T o — Zvesty?
5]

o(S) =

where S is a set of vectors.

Each region stores all cutting dimension and values that were used in
its generation as well as in the generation of its parent regions. For
the region R, a learning machine M, is stored, and this machine is
inherited by the child regions. The learning process is described in
the Algorithm 2.



Data: An initial region R which encompasses the whole
sensorimotor space.

Result: A set of regions { R, } with corresponding LSTM

machines {M,.}.

for i=1/to [ do

Choose a motor command action

m,; = arg MaXme{r, }{Lr:} among all current regions

{R.} by using a near to greedy policy with probability 0.3.

if < then

| Split region R, into R,+1 and R,42 according to I'.

end

Calculate error e, ; associated to current training sequence

Sri-

Update the machine M, with a forward and backward pass.

Calculate smoothed mean error €, ;41 and €, ;41— With a

window parameter 7 and a smoothing parameter 6.

Calculate the decrease in the mean error rate

Ar,i+1 = Erji+l — Erjitl—7-

Calculate the learning progress L£ri+1 = —Ay it1.

end

Algorithm 2: Active learning process

7 Experimental Results for Active Learning

In order to test the active learning mechanism, the main idea is to
train offline a LSTM with a subset of all possible starting positions
producing a partial set of actions and thus a dataset Dy C Py, where
P is the sensorimotor manifold encompassing Dg. Then, we use this
machine in the active learning loop allowing additional actions, so
that at the end we generate a dataset D1 C P, where Py C P; . The
hypothesis is that the algorithm will start producing more frequently
actions corresponding to the sensorimotor regions associated to the
new actions.

Thus, we first trained offline a LSTM with a subset of possible
starting positions for the arm movement and a number of sequences
equal to 500. This generates the dataset Dy. When initializing the
active learning procedure, we allowed all possible starting positions
for the arm movement. Then, we initialize the region Ry with the al-
ready trained machine M that introduces better generalization per-
formance according to the cross-validation sets. We apply a maxi-
mum number I = 300 of iterations, after which a new dataset D,
is generated. Then, we merge the datasets into a set D = Do U D;.
We use the set D to test the errors of the machine trained offline and
the ensemble of machines trained via active learning. The results are
shown in Table 1.

Table 1. An ensemble trained via IAC against an offline trained machine.

Machine  Avg SSE
Offline 0.4251
Active 0.211991

The unique observation here is that the generalization performance
is improved by using the new active learner, which is a expected re-
sult. In order to check the hypothesis presented above, we analysed
the learning progress of the ensemble of machines created after split-
ting the sensorimotor space in different regions.

As expected, the algorithm starts to select very frequently actions
that are new or “interesting”. In Fig. 5, we can observe the frequency

of actions generated from each set of starting positions for a win-
dow of 20 iterations. For instance, from index ~150 to ~250 the
new set of actions are more frequent. This result also confirms the
generation of different stages of development that the IAC algorithm
produces [10]. We make the same observation for a specific region
(Fig. 6). In Fig. 7 the curves of learning progress and error for the
corresponding region are shown. We can observe that the learning
progress curve rises and the error drops.
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Figure 5. Frequency of actions in the experiment.
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Figure 6. Frequency of actions for a specific region (window size: 20).
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Figure 7. Learning progress increase for a certain region.



In Figures 8,9 the prediction ability of a learning machine over a
sequence is illustrated.

Figure 8. Prediction of the flipping affordance. The blue polyflap is the
first predicted polyflap in the current sequence and the red one the last
predicted one.

Figure 9. Prediction of the sliding affordance.

8 Conclusions and future work

The experiments shown in this paper demonstrate the ability of re-
current neural networks, in particular Long Short-Term Memory ma-
chines to approximate a regression function encoding the trajectory
of simple geometrical objects when pushing actions are performed.
Therefore, these machines are useful for predicting the affordances of
pushing actions. We used 3-dimensional features and realistic simu-
lations that we can then apply to real environments. Sequences of fin-
ger effector and polyflap poses were used to feed the LSTMs, show-
ing the capacity of LSTM for prediction in relatively large time pe-
riods. The offline experiments showed great accuracy in prediction.
The use of an active learning mechanism where machines are special-
ized in different parts of the sensorimotor space was also tested. The
selection of actions is performed via a measure of learning progress
that improves generalization.

In this work, the motivation to select an action via active learn-
ing is mainly based on the curiosity-driven mechanism introduced
by the IAC algorithm. This mechanism forces the robot to select ac-
tions that maximize a learning progress measure. This encourages
the reduction of error for sensorimotor regions that are still not accu-
rately learned. The effectivity of the IAC-based strategy for assessing
learning progress in sensorimotor regions with spatio-temporal fea-
tures is confirmed. Moreover, machines that take into account spatio-
temporal information fit well into the active learning loop. However,

the gradient-based method for updating the networks still makes the
process slow, so that many iterations are needed to observe high im-
provements. It is possible to add additional drives or measures for
selecting actions in order to have different strategies for accelerating
the learning progress. Additionally, alternative algorithms for LSTM
training may also be considered.

The CrySSMEX[8] algorithm has been used to analyse recurrent
networks as dynamical systems by using a conditional Entropy based
method that extracts a probabilistic automaton associated to a ma-
chine. This method might be useful for active learning, because it
represents uncertainty and predictability during the processing of
spatio-temporal features.
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Abstract. Binding — the ability to combine two or more modal repre-
sentations of the same entity into a single shared representation is vital
for every cognitive system operating in a complex environment. In order
to successfully adapt to changes in an dynamic environment the bind-
ing mechanism has to be supplemented with cross-modal learning. In
this paper we define the problems of high-level binding and cross-modal
learning. By these definitions we model a binding mechanism and a cross-
modal learner in Markov logic network and test the system on a synthetic
object database.

1 Introduction

One of the most important abilities of any cognitive system operating in real
world environment is to relate and merge information from different modalities.
For example, when hearing a sudden, unexpected sound, humans automatically
try to visually locate its source in order to relate the audio perception of the
sound to the visual perception of the source. The process of combining two or
more modal representations (grounded in different sensorial inputs) of the same
entity into a single multimodal representation is called binding. While the term
binding has many different meanings across various scientific fields, a very similar
definition comes from the neuroscience, where it denotes the ability of the brain
to converge perceptual data processed in different brain parts and segregate it
in distinct elements [2] [14].

The binding process can operate on different types and levels of cues. In
the above example the direction that the human percieves the sound from is an
important cue, but sometimes this is not enough. If there are several potential
sound sources in the direction of the percept, the human may have to relate
higher level audio and visual properties. A knowledge base that associates the
higher level perceptual features across different modalities is therefore critical
for a successful binding process in any cognitive system.

In order to function properly in a dynamic environment, a cognitive system
should also be able to learn and adapt in a continuous, open-ended manner.
The ability to online update the cross-modal knowledge base, i. e. cross-modal
learning, is therefore vital for any kind of binding process in such an environment.
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Many of the past attempts of binding information within cognitive systems
were restricted to associate linguistic information to lower level perceptual in-
formation. Roy et al. tried to ground the linguistic descriptions of objects and
actions in visual and sound perceptions and to generate descriptions of previously
unseen scenes based on the accumulated knowledge [12] [13]. This is essentially
a symbol grounding problem first defined by Harnad [6]. Chella et al. proposed
a three-layered cognitive architecture around the visual system with the middle,
conceptual layer bridging the gap between linguistic and sub-symbolic (visual)
layers [4]. Related problems were also often addressed by Steels [15].

Jacobsson et al. approached the binding problem in a more general way [8] [7]
developing a cross-modal binding system that could associate between multiple
modalities and could be part of a wider cognitive architecture. The cross-modal
knowledge was represented as a set of binary functions comparing binding at-
tributes in pair-wise fashion. A cognitive architecture using this system for lin-
guistic reference resolution was presented in [16]. This system was capable of
learning visual concepts in interaction with a human tutor. Recently, a proba-
bilistic binding system was developed within the same group that encodes the
cross-modal knowledge into a Bayesian graphical model [17]. The need for a more
flexible, but still probabilistic representation of the cross-modal knowledge led
our reasearch efforts in the direction of Markov graphical models, as presented
in this paper.

In the next section we define the problems of cross-modal learning and bind-
ing. In section 3 we first briefly describe the basics of Markov logic networks
(MLNs). Then we desribe our binding and cross-modal learning model that is
based on MLNSs. Section 4 describes the experiments performed on the prototype
system. We end the paper with the conclusion and future work.

2 The problem definition

The main idea of cross-modal learning is to use successful bindings of modal
percepts as learning samples for the cross-modal learner. The improved cross-
modal knowledge base thus enhances the power of the binding process, which
is then able to bind together new combinations of percepts, i. e. new learning
samples for the learner. For example, if a cognitive system is currently capable of
binding an utterance describing something blue and round to a perceived blue
ball only by color association, this particular instance of binding could teach
the system to associate also the visual shape of the ball to linguistic concept of
roundness. We see that at least on this level the binding process depends on the
ability to associate between modal features (in this example the visual concepts
of blue and shape are features of visual modality, while the linguistic concept of
blue and ball belong to the linguistic modality).

We assume an open world in terms of modal features (new features can
be added, old retracted). The cross-modal learner starts with just a small prior
knowledge of how to associate between few basic features, which is then gradually
expanded to the other features and the new ones that are created.
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High level cross-modal learning problem is closely related to the association
rule learning problem in data mining, which was first defined by Agrawal et al. [1].
Therefore, we will base our learning problem definition on Agrawal’s definition
and expand it with the notion of modality.

We have a set of n binary attributes called features F' = {f1, fo, ..., fn} and
a set of rules called knowledge database K = {t1,ta, ..., ¢, }. A rule is defined as
an implication over two subset of features:

X =Y (1)

where X, Y C F and XNY = (). The features represent various higher level modal
properties based on the sensorial input. We introduce the notion of modality to
our definition — each feature is restricted to one modality only:

My = {fi1, frz, - fini }
My = {f21af22a "'7f2712}

Mk :{fklafk27"'7fknk} (2)

F=MUM;U..UM.

We modify the rule-making restrictions of (1) accordingly:

1.N=My,, UMy, U..UM, , my,..m. €{1,2,.. k},r<k

2YCN

3.XCF\N (3)
Next, we define the binding problem. Percepts are collections of features from

a single modality. A percept acts as a modal representation of a percieved entity.
Let P be the set of current percepts — the percept configuration:

P={P,P,,.. P}, P,CMj. (4)

Unions are collections of percepts from different modalities. An union acts as
a shared representation of a percieved entity, grounded through its percepts to
different modalities. Let U be the set of current binding unions — the union
configuration:

U= {Uy,Us,...,.Uy}, Ui CP. (5)

The set of possible binding functions is then defined as

f:P -, (6)
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where the following restrictions apply:

1.U;0uU0,U...UU,, =P
2.VU,U; €Ui#£j:U;NU; =0

The first two restrictions assign each percept in the configuration to exactly one
union, while the third restricts the number of percepts per modality in an union
to one.

We also introduce a measure of confidence in an union configuration based
on the current knowledge base K — the binding confidence beonfk (U). Given the
percept configuration P and the set of possible binding functions 3, the task of
the binding process is to find the optimal union configuration:

U, = argmax(beonfk (U)). (8)
U=p(P)

In this sense — i. e. considering beonfx (U) as a predictor based on K — we
can consider the high-level cross-modal learning a regression problem. Therefore,
the aim of the cross-modal learner is to maintain and improve the cross-modal
knowledge base, thus providing an increasingly more reliable measure of binding
confidence.

3 Implementation in MLN

The Markov logic networks' [10] combines first-order logic and probabilistic
graphical models in a single representation. A MLN knowledge base consists
of a set of first-order logic formulae (rules) with a weight attached:

weight  first-order logic formula

The weight is a real number, which determines how strong a constraint each
rule is, the higher the weight — less probable the world violating that rule. To-
gether with a finite set of constants the MLN defines a Markov network (MN)
(or Markov random field). A MN is an undirected graph where each possible
grounding of a predicate (all predicate variables replaced with constants) rep-
resents a node, while the rules define the edges between the nodes. Each rule
grounding defines a clique in the graph. A MLN can be thus viewed as a tem-
plate for constructing the MN. The probability distribution over possible worlds

! We used Alchemy [9] to implement the prototype of our crossmodal binding and
cross-modal learning mechanisms. Alchemy is a software package providing various
inference and learning algorithms based on MLN.



Binding and Cross-modal Learning in Markov Logic Networks 5

x defined by a MN is given by

PX=x)= %exp(z w;n;(z)), (9)

where n;(x) is the number of true groundings of the rule i, w; is the weight of
the rule i, while Z is the partition function defined as Z = Y exp (3, win;(z)).

The inference in MN is P#-complete problem [11]. Methods for approximat-
ing the inference include various Markov Chain Monte Carlo sampling methods
[5] and belief propagation [18].

3.1 Cross-modal knowledge base

We have two types of templates for the binding rules in our cross-modal knowl-
edge base. The template for the aggregative rule is defined as

perPart(p1, f1) A uniPart(u, p1) A perPart(ps, f2) = uniPart(u, p2), (10)

where the predicate perPart(percept, feature) denotes that the feature feature
is part of the percept percept, while uniPart(union, percept) denotes that union

includes percept. In a very similar manner the template for the segregative rule
is defined:

perPart(p1, f1) A uniPart(u, p1) A perPart(pa, fo) = —uniPart(u,p2).  (11)

If by the aggregative rules the percepts are merged in common unions, the seg-
regative rules separate them in distinct unions. The template rules are equivalent
to a subset of association rules (1), where each side is limited to one feature. We
also define the binding domain that we will use to ground the network. An
example of binding domain with two modalities:

modality = { Language, Vision}
feature = {Red, Green, Blue, Compact, Flat, Elongated,
Colorl, Color2,Color3, Shapel, Shape2, Shape3}. (12)

Based on this example domain a small set of grounded and weighted binding
rules could look like this:

2.5 perPart(p1, Red) A uniPart(u, p1) A perPart(p2, Colorl) = uniPart(u, p2)
1.9 perPart(p;, Red) A uniPart(u, p1) A perPart(ps, Color2) = —uniPart(u, p2),

(13)

The predicates forming the binding rules are not fully grounded yet. They are
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only grounded on conceptual level, with the known features like Red, Colorl,
etc., while the instances (objects) are still represented with the variables. The
predicates get fully grounded each time an inference is performed, when based
on the current situation (e. g. perceived objects that form the scene) a MN is
constructed. This principle could be very beneficial for a cognitive system, since
it decouples the general from specific, but allows to apply and adapt the general
concepts learnt over longer periods of time to the current situation in a very
flexible fashion.

Using the example domain in (12) an example percept configuration could
look like

perPart(1, Colorl) A perPart(1, Shape2) A
perPart(2, Color2) A perPart(2, Shape3) A
perPart(3, Red), (14)

From (13) and (14) we could infer the following union configuration:

uniPart(1, 1) A uniPart(1, 3) A uniPart(2, 3).

Besides the binding rules, our database contains also features’ priors in the
following form:

weight perPart(p, ColorGrounding)

A feature prior denotes the default probability of a feature belonging to a percept
(if there is no positive or negative evidence about it).

In addition, we use a special predicate to determine the partition of fea-
tures between modalities in the sense of (2) (e. g. modPart(Language, Red),
modPart(Vision, Colorl).

3.2 Learning

After the rules and priors are grounded within the binding domain, we need
to learn the weights for each rule and for each prior grounding. We use the
generative learning method described in [10]. The learner computes a gradient
from the weights based the number of true groundings (n;(x)) in the learning
database and the expected true groundings according the MLN (E,[n;(z)]):

0
5wi

log Py () = ni(2) — Ey[ni(2)], (15)

and optimizes the weights accordingly. Since the expectations E,,[n;(z)] are very
hard to compute, the method uses the pseudo-likelihood to approximate it [3].
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Continuous learning is performed by feeding the learning samples to the
system in small batches (3-6 examples of unions). Each mini batch represents a
scene the system has resolved, described with perPart and uniPart predicates.
In each learning step the learner accepts the rule’s old weight in the knowledge
database as the mean for the Gaussian prior, which it tries to adjust based on
the new training mini batch. By setting the dispersion of the weight’s Gaussian
prior to an adequate value, we ensure the learning rate of each mini batch is
proportional to the batch size.

3.3 The binding process

The binding is performed as inference over the knowledge base based on some
evidence. In order for the binding inference to function properly we have to define
some hard rules (formulae with infinite weight) that apply the restrictions of the
binding functions 3 in (7):

1. Vp3u : uniPart(u, p)

2. uniPart(ul, p) A uniPart(u2,p) = ul = u2

3. perPart(pl, f1) A perPart(p2, f2) A (pl # p2) A modPart(m, f1)
A modPart(m, f2) A uniPart(u, pl) = —uniPart(u, p2).

Usually the inference consists of querying for the predicate uniPart, where the
evidence typically includes the description of the current percept configuration
(using the predicate perPart), a list of known and potential unions and the
description of the current partial union configuration (some percepts are already
assigned to known unions). The binding result is expressed as a probability
distribution for each unassigned percept over the known and potential unions.

4 Experimental results

We experimented with our system on a database of 42 synthetic objects. Ob-
jects had percepts from three modalities: vision, language and affordance. Visual
modality had in total 13 features: 6 for object color and 7 for the shape. Lan-
guage had 13 features that matched the visual features and 8 features for object
type (e. g. book, box, apple). The affordance modality had 3 features describ-
ing the possible outcomes of pushing an object. Mini batches were designed to
mimic robot interaction with a human tutor, where the tutor showed objects
to the robot, describing their properties. Typically a mini batch contained 5-6
objects. The learning sequence consisted of 80 mini batches.

We designed 30 test-cases for evaluating the binding process. In each test-
case we had three visual percepts and one non-visual percept. The binder had to
determine whether and which visual percept the the non-visual belonged to (i. e.
four possible choices: one for each visual percepts and one for no corresponding
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union = {1, 2, 3, 4}

perPart(1, VisRed), perPart(1, VisFlat), perPart(1, VisCylindrical)
perPart(2, VisBlue), perPart(2, VisCompact), perPart(2, VisSpherical)
perPart(3, VisGreen), perPart(3, VisElongated), perPart(3, VisConical)
uniPart(1, 1), uniPart(2,2), uniPart(2, 2)

perPart(4, LinRed), perPart(4, LinFlat), perPart(4, LinCylindrical)

uniPart(u,4)?

Fig.1. An example of an easy test-case. We can see that objects represented with
visual percepts (1,2 and 3) differ in all types of visual features. The system needs to
determine which union the fourth, linguistic percept belongs to.

union = {1, 2, 3, 4}

perPart(1, VisRed), perPart(1, VisCompact), perPart(3, VisConical)
perPart(2, VisGreen), perPart(2, VisCompact), perPart(2, VisSpherical)
perPart(3, VisGreen), perPart(3, VisFlat),

uniPart(1, 1), uniPart(2,2), uniPart(2, 2)

perPart(4, Lin Apple)
uniPart(u,4)?

Fig. 2. An example of an difficult test-case. We can see that the objects represented
with visual percepts (1,2 and 3) are less distinct than in the easier test-case (fig. 1) and
with some incomplete information. The system has to find out which visual percept
could be an apple. The visual training samples for apples consisted of compact and
spherical percepts of red or green color.

percept). Of the four possible choices there was always one that was more obvi-
ous than the others and deemed correct. The possibility that the system inferred
as the most probable, was considered as its choice for the binding union. The
test-cases varied in their level of difficulty: the easiest featured distinct features
for visual percepts and complete information for all percepts (all percepts had a
value for each feature type belonging to its modality, see figure 1), while more
difficult cases could have features shared by more percepts and incomplete per-
cept information (see figure 2). The tests were performed several times during
the learning process in intervals of four batches.

Figure 3 shows the average success rate over 10 randomly generate learning
sequences. We see that with the growing number of samples the binding rate
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Experimental results
100
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Fig. 3. Experimental results: the average rate of correct bindings relative to the number
of training batches (10 randomly generated learning sequences were used). The green,
yellow and red lines denote the easy, medium and hard test samples respectively, while
the blue line denotes the overall success percentage.

tends to grow and converge, though with some oscillations. The oscillations for
the difficult samples are more pronounced as for the easier samples. Analyzing
the results example by example we can see that the test-cases with the most
oscillations were the ones that depended on many-to-one feature associations
(e. g. red, compact, cylindrical = cola can). This can be explained with the
current structure of our binding rules that directly support one-to-one feature
associations only.

5 Conclusion

In this paper we defined the problems of high-level binding and cross-modal
learning. By these definitions we modeled a binding mechanism and a cross-
modal learner in MLNs. We tested the system on a synthetic object database
and shown how the binding power of the system increases with the number of
learnt samples.

In the future we will apply our binding and cross-modal learning models to a
real cognitive architecture that includes visual and communication subsystems,
thus gaining a platform for experiments on real-world data. We will also extend
the structure of our database to more complex rules (or perhaps include a struc-
ture learning mechanism to our system) and improve and extend our experiments
to better simulate the robot-tutor interaction.
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Synonyms

Multi-modal learning

Definition

Cross-modal learning refers to any kind of learning that involves information obtained from more than one
modality. In the literature the term modality typically refers to a sensory modality, also known as stimulus
modality. A stimulus modality provides information obtained from a particular sensorial input, for example
visual, auditory, olfactory, or kinesthetic information. Examples from artificial cognitive systems ("robots")
include also information about detected range (by sonar or laser range-finders), movement (by odometry
sensors), or motor state (by proprioceptive sensors). We adopt here a notion of modality that includes both
sensorial data, and further interpretations of that data within the modality. For example, from a pair of
(depth-calibrated) images, a cloud of points in 3-dimensional space can be computed. We obtain both types
of data (the image data, and the 3D points) from the same visual sensor. At the same time, they differ in what
information they provide. We consider information sources derived from sensorial data as derived modalities
that by themselves can be involved again in cross-modal learning.

Theoretical Background

We distinguish different types of cross-modal learning. The distinction is based on how the learnt model
depends on the data from several modalities, and to what degree the model integrates information from these
modalities.

In weakly-coupled cross-modal learning, models are built within individual modalities, while the rather high-
level information from other modalities, such as a label or reinforcement signal, supervise the internal
learning process. Inference based on the learned models can be done on the basis of a single modality, or the
output of several modalities can be combined to achieve better performance or robustness. One example of
this is speech recognition. In situated dialogue, recognizing sequences of words in an audio signal can be
greatly improved by information about the situated context (what is there to be seen, what is there to be
done, what have we talked before), and through observation of the speaker. Context and observations aid
disambiguation during processing of the auditory signal, possibly also correcting misheard words, or filling in
(grammatically) missing words. For example, lip reading can greatly aid recognition. In a continuous learning
process, successfully recognized lip poses can supervise learning of audio-based speech recognition ability.
The other way round, correctly recognized audio input can provide labels to aid the learning of lip reading.
This process of coupled supervision during learning is also known as co-learning. In the end we obtain two



classifiers, one in each modality, that can be used individually, or they can be combined to further increase the
success of speech recognition. This type of cross-modal learning is thus based on a weakly coupled
interaction of data from different modalities, which is done on a rather high level of abstraction. In the case
above we assumed that both modalities mutually drive the learning in the other one. This process can in
principle be uni-directional. If the information in one modality is much more reliable, it can drive the learning
in another modality.

In closely-coupled cross-modal learning, learning processes are more intertwined. A model is learnt by
combining information from different modalities into a common level of representation, and then using this
level as a starting point to build a common cross-modal classifier or predictor. As a result, inference with the
acquired model requires information coming from several modalities, and cannot be achieved within a single
modality only. This approach is often used in sensorimotor learning. Here, low-level features from a visual
modality and motor (or proprioceptive, or haptic) modalities are merged. Based on the obtained cross-modal
teatures, higher-level sensorimotor concepts are learned. For example, from low-level visual features
describing objects and low-level features parametrizing actions that could be performed, a model is learned
that predicts what happens with a particular object if a particular action is applied (through classification or
regression). A similar case is also when the feature vectors still reside in the individual modalities, but we
construct several intermediate classifiers, which are no longer independent, and combine them. This requires
a close-coupling of semi-synchronous learning processes, based on interconnected representations, and
leading up to the formation of cross-modal concepts.

We can also identify a third type of cross-modal learning that is performed on a higher level of abstraction.
Here, a model is acquired that connects modal conceptual structures from different modalities by learning
associations between them. For example, let us suppose that we want to recognize a cup of coffee. A cup can
be recognized visually. Yet, to recognize what is inside the cup we need another sense - smell. We need to
combine information from both modalities to determine that there is a cup of coffee on the table and not a
cup of a black tea. The learning of required concepts could be performed largely independently, in each
modality individually. At some point though we need to learn to combine the concepts of the cup and the
coffee into a concept of a "cup of coffee". The final representation therefore consists of representations from
several modalities.

Cross-modal learning is related to principles of fusion of data from different sensors (Clark and Yuille), also
known as multi-sensory processing in natural cognitive systems (Stein and Meredith). Different processes
interact in a cognitive system to form a coherent interpretation of experience, based on the combination of
information obtained through several modalities. The process of learning how to combine this information is
a kind of cross-modal learning.

As already mentioned, we can consider the term modality in its wider sense. This includes derived modalities.
In this case, the type of information that characterizes a modality is not attached directly to a sensor, but to a
process which interprets the sensorial data. For example, suppose that we have a place recognition approach
that is based on both visual images, and 3D point clouds representing geometrical structure. The images may
be obtained using a camera. The 3D point clouds are obtained using a laser range finder, or, alternatively,
both the images and the 3D data can be obtained using a stereo rig. In both cases we can conceive of the
learning of representations of places as a kind of cross-modal learning, although in the second case we have
one sensor only. In computer vision, it is very often favorable to extract several visual cues (such as color,
texture, borders, shape, motion), and combine them in order to obtain better classifiers. We can look at the
learning of such combined classifiers as at a kind of cross-modal learning as well.

The relevance of cross-modal learning is alike for natural and artificial cognitive systems (Christensen et al).
Both continuously learn, to extend their knowledge of acting in dynamic environments. The ability to connect
possibly asynchronously developed models across different modalities provides an important basis for a
grounded form of self-understanding. The possibility to interconnect and thus form an interpretation that is



coherent across multiple modalities indicates what is known relative to some experience. Failure to do so may
indicate a kowledge gap, and can function as a trigger for self-aware learning.

Important Scientific Research and Open Questions

There are arguments for learning to be based on association, and for learning to be mediated by a
(developing) categorical system. Very often, the interconnectivity between modalities is mediated by
categorical structure. Effectively this establishes a triadic relation between modalities. The conceptual
structures in the modalities can be connected because they can be understood as related by virtue of their
reference to a shared categorical ground. The arguments for this type of learning, based on the formation of a
mediating categorical structure, arise from for example childhood cognitive development. In word learning it
is shown that a purely associative, unmediated account ("child-as-data-analyst") cannot appropriately account
for categorical generalizations a child is able to make ("child-as-theorist"). The use of mediating categories
both helps generalization of sensory input beyond actual experience, and allows for representations to be
ultimately grounded in, and influenced by, the embodiment of the system (G. Lakoff & M. Johnson). On the
other hand, in many cases the modalities interact on a much lower level, like in the case of sensorimotor
learning. It still an open question what roles do these different forms of learning play in specific types of
cross-modal learning, whether in natural or artificial cognitive systems.

A fundamental aspect of embodied cognition is that understanding is ultimately based in how a cognitive
system experiences the world. Since the cross-modal learning is based on processing and relating information
from several (sensory) modalities it may play an important role in bringing about grounded forms of
cognition.

We also have to address the terminological issues, since the terms related to cross-modal learning are not
consistently used in the literature. Sometimes, the term cross-modal learning is used only to refer to strongly-
coupled types of cross-modal learning. Also, the term modality is sometimes used in its narrower sense,
considering sensory modalities only. Here, we adopted the broader meaning of both terms. There is also
another term in the literature that is often used to describe a similar phenomenon, the term multi-modal
learning. One meaning of this term refers to (human) learning based on different multimedia material
involving different human senses that facilitate learning. The second meaning of this term is very close to the
meaning of cross-modal learning as defined above. Sometimes this term relates to forms of weakly-coupled
cross-modal learning, while very often cross-modal and multi-modal learning are used interchangeably with
the same meaning (synonyms).

Cross-References

— Co-learning

— Active learning

— Adaptation and learning

— Learning and understanding
— Data fusion

— Cognitive models of learning
— Cognitive robotics

— Embodied cognition
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